This chapter is an introduction to caleulus, a branch of Mathematics, which
mainly deals with the study of change in the value of a function as the points in

‘ :I 3 the domain change.

LIMITS AND
DERIVATIVES

| TOPIC 1 o N CHAPTER CHECKLIST
Fundamental of Limits « Fundamental of Limits

+ Limits of Rational Functions

DEFINITION OF LIMIT » Limits of Trigonometric

If f(x) approaches to a real number [, when x approaches to a (through lesser or Hunctions

greater values to a) L.e. if f(x) = [ when x — a, then [ is called limit of the * Limits of Exponential

function f(x). In symbolic form, it can be written as lim f(x) =/ Functions and Logarithmic
x—a Functions

Concept of Left Hand and Right Hand Limit * Deritive and First

Principle of Derivative
LEFT HAND LIMIT
A real number /| is the left hand limit of funcrion f(x) at x = a, if the values of
fix) can be made as close as /; at points closed to @ and on the left of a.
Hj'rnhﬂica]]}', It 15 written as
LHL = Iim_ flx)=14

X—ra -
In other words, we can say that lim filx) is the expected value of fatx=a,
x—+a

» Algebra of Derivative of
Functions

» Derivative of Trigonometric
Functions

when we have the values U-Ff near x to the left of 2. This value is called the left

hand limit of f(x) at a.
RIGHT HAND LIMIT

A real number /,is the right hand limit of function f(x) at x = 4, if the values of
fix) can be made as close as [, at points closed to @ and on the right of a.

Symbolically, it is written as RHL = lim flx)=1,

x—rad
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In other words, we can say that lim f(x) is the expected

value of f at x = a, when we have the values of f near x to

the right of a.
This value is called the right hand limit of f(x)ata.

EXISTENCE OF LIMIT
If the right hand limit and left hand limit coincide

(i.c. same), then we say that limit exists and their common

value is called the limit of f(x) at x = # and denoted it by
lim f(x).

x—a

Note
() (@) x— a=00r x— & is read as x tends to a from left and it
means that x is very close to a but it is always less than a.
(b) x— a+ 0or x— a" is read as x tends to a from right and it
means that x is very close to a but it is always greater than a.
(c) x— ais read as x tends to a and it means that x is very
close to a but it is never equal to a.
(i) lim (Constant) = Constant; I|m (Conslan1) = Constant

xaa

and Ilm (Constant) -Constant eg. lim2=2

X0

METHOD TO SOLVE THE LEFT HAND AND
RIGHT HAND LIMITS OF A FUNCTION

With the help of following steps, we can find the left hand
and right hand limits of a function casily

Step 1 For left hand limit, write the given functon as
lim f (x)and for right hand limit, write the

x—>a
given functionas lim f (x).
Step 11 For left hand limit, put x =4 = 4 and change the

limit x — 4~ by » — 0. Then, limit obrained from
step L is hlim fla=h).
=0
Similarly, for right hand limit, put x =2+ / and
change the limit x— 2” by /— 0. Then, limit
obtained from step I is hlim fla+h).
-0

Step 111 Now, simplify the result obtained in step 11

le. Ji_r:-j.u_f'{sr-h] nrbli_:}nuf[d+ﬁ}-

EXAMPLE |1| Suppose the function is defined by
| x-3|

flx)=4 x-3

0, x=3

(1) Find the left hand limit of f(x) at x = 3.
{ii) Find the right hand limit of f(x) at x = 3.

| x—3]
x=3
0, x=3

, X#3

x#3

Sol (i) Given, f(x)=

Coscrne €3

-. Left hand limit at x =3 is

lim f(x)= lim I.t_—31
x— 5" x—»3" x—3

(i)

On putting x =3 — h and changing the limit x — 3~
by h— 0in Eq. (i), we get

Ix-3|_ | =hl
lim = lim
x—3" f(x) x=»3" x-3 ""l’no —h
h
lim = lim — =
= S flx) m( = []x]=x]

=-1
(if) Right hand limit at x =3 is
o f(x)= M, 2= (i)

x— 3" r—=3* x-3
On putting x =3+ h and changing the limit x — 3"
by h— 0in Eq. (ii), we get

lim f(x)= lm “—0

x—3* x—=3t x—-3

= lm f(x)= hm m—lim%=l [ x| = x]

x—+3* h k=0
Alternate Method
|x~3]
Given, f(x)=4 v _3"' x#3
0, x=3
ﬂ' ifx<3
(x-3) -1, ifx<3
-3
=l X ifx>3 =41 ifx<3
xor ifx=3 0, ifx<3

() LHL= lim f(x) = lim (-1)
x— 3" x— 3"

[ f(x)=-1, for x< 3]

=-1

(i) RHL= lim f(x)= lim (1)

x—+3"

[ flx)=1, for x>3]
x—3*

=1

EXAMPLE |2| Find the left hand limit and right hand
limit of the greatest integer function f (x) =[x] = greatest
integer less than or equal to x at x =k, where k is an
integer. Also, show that J.i_.l)l'lk f(x) does not exist.

Sol. We have, fix)=[x]
LHLof fatx=Fk = lim_f(x)

x—k
ll.m f{k h) [putting x = k — hand when
x = k7, then h— 0]
] [.i: h]-]l.m[k—l}

[k —1<k—h<k= (k—h)=k—-1]
=k-1
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RHLof fatx=k,= lim f(x)
x—k*

= lim f(k+h) [putting x =k + hand when
e x— k*, then h— 0
= lim [k + h]
h—s 0
=hh'_1'n°k [vk<k+h<k+1= (k+h)=k]
=k
Here, LHL # RHL
rli_r’nk f(x) does not exist.

ALGEBRA OF LIMITS

Sometimes two or more functions involving algebraic
operations, addition, subtraction, multiplication and
division are given, then to find the limit of these functions
involving algebraic operations,
we use the following theorem
Let f and g be two real functions with common domain D,

such that lim f(x) and lim g(x) exists. Then,

(i) Limit of sum of two functions is sum of the limits of
the functions. i.c.
lim (f+g)(x)= lim f(x)+ lim g(x)

x—a

(ii) Limit of difference of two functions is difference of
the limits of the function. i.c.
lim (f=g)(x)=lim f(x)= lim g(x)
x—a x—a x—a
(iti) Limit of product of a constant and one function is
the product of that constant and limit of a function,
Le.

lim [c- f(x)]=¢ lim f (x), where ¢ is a constant.

(iv) Limit of product of two functions is product of the
limits of the function, i.e.

lim [f(x)-g(x)]= lim f(x)- lim g(x)

{v) Limit of quotient of two functions is quotient of the
limits of the functions, i.e.

lim £ (x)
i,|_'|_'|_ f{x}: x—ra ,
x—a glx) li_r:! glx)

where lim g(x)#0

Xx—+a

EXAMPLE |3] Llet us consider two functions
flx)=x" +4 and g(x) = x — 3 such that f(x) and g(x)
exist at x = 5. Find the limit of the following functions at
X =5
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c=x

(i) £(0) + 9(x) (i) £() - 9(x)
(iil) £(x) x g(x) (iv) L&)
g(x)

Sol. Given functions are f(x)= x* +4and glx)=x-3
Clearly, lims f(x)= lims x* +4

=(5)° +4
=25+4=29 i)
and Iim g(x)= lim (x-3)
= 2 3)=2 (i)

(i) lims [f(x)+ g(x)]= lims f(x)+ limsg(.\')

=29+2
=31

(i) lim [f(x)— g(x)]= lim f(x)- lim g(x)

[from Eqs. (i) and (ii)]

=29-2
=27 [from Egs. (i) and (ii))
(ii1) lims [f(x)x g(x)]= lims flx)x limsg(x)

=29x 2
=58 [from Egs. (i) and (i1))
lim f(x)
: . f(x) x5 . an
(iv) xh_r’ns =) = —ums 2 [from Eqgs. (i) and (i1))
= =145

o |8

LIMITS OF POLYNOMIAL
FUNCTION

A function f is said to be a polynomial function, if f (x)
is zero function or if f (x) =4y +ajx+ .5‘1'21’2 +.Fax”,

where a5 are real numbers and a, #0.

METHOD TO FIND LIMIT OF A POLYNOMIAL

To find the limit of given polynomial, we use the algebra of
limits and then put the limit and simplify. It can be
understand in the fo“owing way

We know thar, lim x=a .Then
xX—*ad

R i .
lim x° = lim (x-x)
x—*a X—a
= lim x- lim x
x—a X—a
'l
=gra=a"

lim x* =a"
x—#d

Similarly,

Now, let fix)=a,+ax+ a_;..rz +..+a,x" bea

pu|)-'numi.1| function.
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Then, limit of a polynomial function f(x)
=lim f(x)=lim [ag+ajx+ a_;xz +.ota,x"]
x—a

X—rad
- . - 2 .

= lim dy+ lim a, x+ lim dy x°+ ...+ lim J"x"
xX—ra e X—*a x—*a

. . 2 .
=ag+a; lim x+a, lim x“+ ..+ a, lim x"
X—3a X—3a xX—+a

2
=aytaa+a,a+. . Aaa" = f(a)

EXAMPLE |4]| Evaluate the limits
Ijm3 (4x* =2x® = x +1).

Sol lim (4x* —2x* — x +1)

xr—3

=4 lim x* =2 lim x* - lim x + lim 1
x=+ 3 x—3 =% =%

=403 —2(3 -3+1=108—18—2 =588

EXAMPLE |5]| Evaluate the left hand and right hand
limits of the following function at x = 2.

f{xl={2x+3,ifx52

x+51if x> 2
Does lim f{x) exist?
e ax+3,if x<2
Sol. Gi = -
ivem, f{x) {x +5 ifx>2

LHL= lim f(x)= lim 2x+3

x=32" x5 27
[~ f(x)=2x+3 if x=<2]
= lim [2(2—-h)+3]=2(2-0)+3
[puﬂu:g;=2—halid when x — 27, then h — 0]
=4+3=7
RHL= lim f(x)

r—=2*

lim (x+5)
x— 2"

and

[ flx)=x+5ifx= 2|

lim (2+ h+5)=2+0+5=7
h—= 0
[putting x = 2+ hand x — 2%, then h— 0]

* LHL of f{at x = 2)=RHL of f{at x = 2)
w lim f{x)exists and it is equal to 7.
XxX—+2

EXAMPLE |6| Evaluate the left hand and right hand
limits of the function defined by

1+x%,if0sx<1
f=1"",
2=x",if x>1

Also, show that lim f(x) does not exist.
x—1

1

at x

1+x%, ifogx<1

Sol We have, fix)=
2—x7 if x>1
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Atx=11LHL= lim f(x)

=17

lim (1 +x%) [fix)=1+ % if0g x£1)

=17

Jim[1+(1 - hl=1+(1-0) =2

[putting x =1 — hand when x — 17, then h— 0]
RHL= lim f(x)
1"
lim (2— x*)
r—=1"

T 2
= lim [2 (1 + b))

[~ flx)=2—x* ifx>1)

[putting ¥ =1+ hand when x — 17, then h — 0]
=2-1=1
Since, LHL # RHL
Therefore, ]i.m] flx) does not exist.

EXAMPLE |7| For what integers m and n does 1.th||j fix)

and lim f(x) exist, if
X¥x—=1 F
mx”- +n, x=<=0
fx)=4mx+m, 0<x<1
2
nx*+m, x>1 (NCERT]
mx® +n, x=0
Sol Given, f(x)={nx+m, 0£x%1
nx® + m, x>1

Limit at x=0
LHL= lim f(x)= lim mx" +n
x—+ 0% x—+ 0%

= lim m{0—h)? +n
h—0

[putting x =0— hand as x — 07, then h— 0]
=n
RHL= lim f(x)= lim nx®+m

x— x—=x

= lim n{0+h)’ + m=m
k=0

[putting x =0 + hand as x — 07, then h— 0]

Now, for lim f{x) to be exists.
x—+ 0

LHL = RHL
= n=m

Hence, lim f{x)exist whenm=n
=

Limit at x =1
LHL= lim fix)
r=s1"

lim (nx +m)
x—=17

Here,

c=x
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= lim [n(1 - h)+ m]
LR

[putting x =1— hand as x — 17, then h— 0]

=n+m
RHL = lim f(x)= lim (nx* + m)
x—1" x—=1*

= limn(1 +h) +m
h—>o0

[putting x =1+ hand as x — 1%, then h— 0]
=n+m
Now, for lim f(x)to be exists,
x—1

lim f(x)= lim_f(x)
x—1 x—1

=» h+m=h+m, which is true foralln, me Z.
Hence, lim f(x)exists foralln, me Z.
x—1

|x|+1 , x<0
EXAMPLE |8| If f(x)=4 0 , x=0, for what
|x]-1 , x>0

value(s) of a does lim f(x) exist? [NCERT]
xX—a
-x+1, x<0 if x>0
Sol. Wehave, f(x)=4 0 , x=0 [ |x|= {x. i .x_ ]
-x, if x<0
x-1, x>0

Casel Whena=0
In this case, LHL lim f(x)=hlim f(0—h)
h— 0" -0

= lim—-(0-h)+1
e [wForx<0 f(x)=-x+1]

= lim(h+1)= lim h+ lim 1
h=0 h—=0 k=0
=0+1=1
and RHL= lim f(x)=hljm f(o+h)
x>0 -0

=klim flo+h)—-1=-1
7% [ For x>0, f(x)ex—1]

- LHL # RHL

= Fora=0 lim f{x)does not exists.

Case Il Whena<0
In this case, lim f{x)= lim{-x+1)
[ Forx <0, flx)=—x+1]
= —a+1, which is a fixed real number.
oo Fora< 0, lim fix)exists.

Case Ill Whena>0
In this case, lim f{x)= lim{x—1)
e T s For x>0, flx)=x-1)
= a—1, which is a fixed real number.
sFora=0, lim fix)exists.
Hence, from case [, Il and IIl, we conclude that lim f{x)
exists for all a # 0. o
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c=x

TOPIC PRACTICE 1

OBJECTIVE TYPE QUESTIONS

1 The limit of f(x) = x? when x tends to zero

equals
(a) zero (b) one
(c) two (d) three

2 The right hand limit and left hand limit of a
function f(x) at a given point x = g is the value
of f(x) which is dictated by the values of f(x)
when x tends toa from ..A... and ..B...,
respectively. Here, A and B refer to
(a) left, right
(b) left, left
(c) right, left
(d) right, right

3 The process of finding the limit follows
addition, subtraction, multiplication and
division as long as the limits and functions

under consideration are

(a) undefined

(b) well defined

(c) Both (a) and (b) are correct
(d) Neither (a) nor (b) is correct

4 Let f be a function such that lim f(x) exist.
X—a

Then for any real number A, we have
(a) xli_.m.[(k-f) (x)] = l-)i_fn‘f(x)

() lim {(é)(r)} T lim £(x)

(c) Both (a) and (b) are correct

(d) Meither (a) nor (b) is correct
5 If f is an odd function, then ]irnn fix), when
i—

exists, is equal to
(a) £(0)

(b) O

(c) any real value
(d) None of these

VERY SHORT ANSWER Type Questions
6 Find lim (x®-x+1).
r—2"

7 Evaluate LHL and RHL of the lim ¢
-0 Y
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8 Evaluate Iin':lx—ll, where []is greatest integer
function.
9 Find the limits (Each part carries 1 mark)
(i) lirrli[xz—x—l] (ii) lim [x*(x+1)]
(iii) limI (I+x+x2+  +x¥)
SHORT ANSWER 'l'\'pc [ Questions
10 1f f(x) = {

exists.

2 xs—
XHaxs then find ¢ when Iimlf[x}
X—=]

[NCERT Exemplar]

11 Let f(x)be a function defined by

Gx—6,ifxr<3
X)=
&) {zr—k,ifx:»?;
Find the value of k, if Iing fix) exists.
X—b

x-—4
12 Show that lim I—l does not exist.
T4 X— [NCERT Exemplar|

SHORT ANSWER Type 11 Questions

13 Evaluate the left hand and right hand limits of
the following functions at x=1.

%) S5x-4 ,if0=<xx<l
Xl=
dy?-3y, if l<x<?
Does lin}f{x} exist?
I—
2x+3,ifx<0
14 Let f(x)= {3(1_'_1}. fro0’ then
(i) evaluate lir:&f{x} (ii) evaluate lir:lif{x}

a+bx,x<1

x =1, and if l!m'l filx)=f(1),
b—ax,x =1

15 Suppose f(x)=

then what are the possible values of a and b7

[NCERT)]
LONG ANSWER Type Question
) X , x=#0
16 Evaluate lim f(x), where f(x) = Jx| .
B 0, x=0
[NCERT]

x|
17 15 /) =43 **C then show that lim f (x)
2 ifx=0 *

does not exist.
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c=x

18 Find Iinaf(x} and IimI f(x), where

Al }_{21:+3, x=0

- 3(x+]), x>0 [NCERT]

| HINTS & ANSWERS

1. (a) Given function is f{x};xz_ Observe that when x

takes values very close to 0, the value of f(x) also
approaches towards 0.

We say limo flx)=0

2. (¢) There are essentially two ways x could approach to a
number a either from left or from right. This naturally
leads to two limits-the right hand limit and the left hand
limit.

3. (b) The limiting process respects addition, subtraction
multiplication and division as long as the limits and
functions under consideration are well defined.

4. (a) For any real number i, we have

P_T:HR'H{XH=1'}_ET:HI]
5. (b) It is given that, ]ilnof{r}exists.
lim fix)= lim f{x)
x—= 0" x— 0"

= lim f(0—h)=lim f(0+Hh)

= —*Iilr:] flh)= r.hmn fih)
[ fix)is odd = f(— h)=—f(h)]
= 2;.Ii_'.n.] fihy=0 ==k].i_r’nh fihy=0
lim f(x)=0

6. lim (x* —x-l-l]—hln{{z h)*—(2—h)+1} Ans. 3

=32

7. LHL= llmH=i:|ndRHL= [unm=£

x—=0 X x x—0* X X
Ans. LHL=-1land RHL =1
8. LHL= lim [x-1] -hln[l —h-1]= hln[ h)|=

=17

and RHL= lim [x~1]=lim[1+h-1]= lim{i] =0

I'—)l
Ans. Does not exist
9. (i) lim[x* -x—1]=[1*-1-1]=-1
x—¥l

Ans. 36
Ans. 0

(it} Solve as part (i).
(iii) Solve as part (ii).
10. LHL= lim (x+2)= ]Lm{—l —h+2)=1

r—+-1"

FHL= lim f{r]- ll.m cx -I.unc{ 1+h]

a1 ® x==i*

Ans. c=1
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6y —6if x<3

1l. We have, f(x)=
s {217—1:, ifx>3

LHL = lim f(x)= lim (6x—6)
3" 33"

= lim[6(3—h)—6] =12
=i

and RHL= lim f(x)= lim (2x—k)
x—3" x=3*
=:i.lr‘11[2'{3+h}—k]=6—k Ans. k= —6
—4
12. Given, limu
x4 y—d
—(x-4
LHL= lim -~ _ [ x—4 |=—(x—4), x<4]
r—a" X—
—4
RHL= lim 2= [o| x—4|=(x—4), x>4]
—at x—4

13. LHL= lim (5x—4)= lim[5{1—h)—4]=1

1"

and RHL= ll.m flx)= hm {4r —3x)

1" ="

= lim[4(1+h)* 31 +h)] =1

Ans. liln_f{x}exjsts and it is equal to 1.

14. (ij)LHL= 1un(2x+3}-hm[zrju hy+3]=3
x—"
RHL = ]un 3[x+1}-]un|3[n+h+1}]-3 Ans. 3
x—0"

(ii) ll.m flx)= Iun3{r+1} Ans. 6
15. LHL= lim {a+bx} hm[a+b|:1 h)]=a+b

1"

RHL = hm (h— ﬂx}-hln[b a(l+h)] =

1"

| TOPIC 2|

Limits of Rational Functions

A functon f is said to be a rational function, if
_gx)
fl)= b (x)

functions such that 4 (x) 0.

, where g(x) and A(x) are polynomial

g _ Jioy £ ) _g@

Then,
lim A(x) b (a)

lim f(x)= lxm

x—a x—u )(x)

However, if # (2) =0, then there are two cases arise,
(i) g(a) #0 (it) g (a) =0.

In the first case, we say that the limit does not exist.

c=x

~LHL=RHL=f(1) =a+b=bh-a=4
Ans. ﬂ=ﬁ,fl=4
16. LHL= lim fix)= lirr;f{[l—h}
(ﬂ k) _ (0—h)
ﬁ—n]|ﬂ j.l h—.-n_{n h}
RHL = ]un fix)= llmf{EI+h}

x—=0*

0+h o+h
= —_— i —=
ho|o+h| F—o(0+h)
Ans. At x =0, limit does not exist.
L 0h-p-A

17. IHL= lim f(x)= lim | l (0—h)

LR 0" "_“D
—h-h
h—i —h

=2

(n+h}—|n+h{=ﬂ

) ) x—|x| )
and RHL= lim f(x)= lim = lim
0+h

x—ot 0% X Ll

Ans. Iilr:‘f(x}l does not exist.
18. Atx=0LHL= lim f(x)=lim f{0—h)
x—+il" h—sa
= Eu:: 20-h)+3=3
RHL= lim f(x) =']‘.in';f{u+h}=']‘jn13ntﬂ+h+l}|=3
x—0" = =)

LHL= lim f(x)= lim f(1~h) = lim3(1~h+1)=6

1"

At x=1, RHL= I1|n f[x}-]un_jl"[l+h}- I.1|n3[1+h+1}-6

1"

]u::]f{x} =3and lim f(x)=6

Ans.

In the second case, we can find limic.

Limit of a rational function can be find with the help of
following methods

Direct Substitution Method

In this method, we substitute the point, to which the
variable tends to in the given limit. If it give us a real
number, then the number so obrained is the limit of the
function and if it does not give us a real number, then use
other methods.
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EXAMPLE |1] Find the limits of the following.

2 2 2
2)c —4 (i) lim (x-‘l) +3x
-2 X+3 x—=1 (X +1)
P JZ+x+JZ—x
(iii) hm—
2+x [NCERT]
Sol. (i) lim = 4-ﬂ-=9-=0 [here, h(a)+# 0]
-2 x+3 2+3 5
(i) lim (x=1)*+3x* _(=1-1)*+3(=1)* _(=2)*+3(1)
-t (xt41) (=1)* +1)* (1+1)*
w33 7
2’ 4
(iii) hm 2+x+ 2-x ,/
240
_M_i_,ﬁ
2
X—4
EXAMPLE |2]| Evaluate hm —_—
12] -413 X
Sol lim —X—a =
13- Viex 3-z
-3 -3(3+2¥3) _ -3(3+243)
T3-2 -2+ 2) | 9-12

_6+2B) L o
-3

-— L - il i s T b

Factorisation Method
Let lim £

x—a g[x]

0
reduces o the form E, when we substiture

x=a. Then, we factorise f (x) and g (x) and then cancel
out the common factor to evaluare the limir.

METHOD TO DETERMINE THE LIMIT
BY USING FACTORISATION METHOD

Step 1 Write the given limir as  lim f (x)
xa g {x]

If lim f(x)

=0and lim g(x}=0, then go w
x—a x— a
next step, otherwise use direct substitunon method.
Step Il Factonse f (x) and g(x), such thar (x—a) is a
common factor and write given limir as
(x —a) fi (x)
x—a (x—a) g (x)
Seep Il Cancel the common factor(s), then limit obrained

in Step III becomes lim f' :::x:; .
X—ra g] 'y

Step IV Use direct substitution method to obtain limit.

Get More Learning Materials Here : &

c=x

¥ USEFUL FORMULAE FOR FACTORISATION

(i) (@ =b%)=(a—b)(a+b)

(ii) @ =6 =(a—b)(a® +ab+b*)

(iii) @® +6* =(a+b)(a® —ab+b*)

(iv) a* = 8" =(a® - 8%)(a* + %)
=(a—b)(a+b)(a® +b%)

(v) If f(0t)=0, then x —otis a factor of f (x).

3 —
EXAMPLE (3| Evaluate L = lim >,
X<y (x —2)
x*-8
Sol. We have, L = lim
X2 X — 2

Letf(x):x —8and g{x)=x—-2

Here, limf(x)=limx3—8= 2 —8=0

and hmg(x)-hmx 2=2-2=0

x—2
Thus, we get — form.
0

Now, factorise f(x)and g(x)such that(x — 2)
is a common factor.
Here, f(x)=x* -8=(x*-2%)
=(x—2)(x* +4 + 2x) and g(x)=x-2
Fowdim (x—2)(x" +4+ 2x)
x— 2 (x-2)

On cancelling the common factor (x — 2), we get
L= lim (x*+4+2x)
x=+2

=2 +4+2(2)=4+4+4=12
k1

Hence, lim G =12
=2 y—2

Note We cancelled the term (x=2) in the abowve calculation,
because x = 2.

2
EXAMPLE |4| Evaluate lim 2X =1
el 2x-1
2

Sol. On putting x = l, we get the form E
2 1]

S0, let us first factnrise it.
Consider, I.un = = lim (@x +1)(2x 1)
2x —1 (2x —1)

X—3 =
2

:r—r-
2

[using factorisation method]
= lim (2x +1)
1

X% =

2

=2[l]+1=2
2
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EXAMPLE 5| Evaluate lim [ ———~—|.
X2 x7 = 4x° + 4x

Sol  On putting x = 2, we get the form 2 So, let us first
0

factorise it.
2
x° —4 x+2)(x—-2
Consider, lim - = lim #
¥=+2xT —4x  +4x =2 x(x-—2)
+ 2 2+2 4
= lim {x ) - =

a2 x{x—2) 2(2-2) 0
which is not defined.
x*—4

lim | =————| does not exist.
s x? —4x? 44y

2_
EXAMPLE |6] Evaluate lim ———>
x> 3 x2+343 x-12

-3 (x = B)(x +43)
Sol lim — >~ —~ -
? e i3 B 12 1o i x’ 14 -Brx—PBx-12
i x=B) (x+4B)
x—vﬁ{x+433}(r—33}
lim {x+vr§]=~lf3-‘+-ﬁ=2~f’:-‘=3
ot {x+433} ]3+433 ;E 5

EXAMPLE |7| Evaluate Ijm[ 2,1 }

il1-x? x-=1

s When x =1 the expression —+ becomes the

o 1-x% 1-x
form =—-== S0, we need to simplify it to exprass it in the
form 2.
0
Sol We have,
lim 2+1—)= lim 22—1—]
r=1\]—x x—1 r=I\1—x 1-x

[#= — == form]

Tl 1-x? i

1—-x 1
= lim = lim -
r—jl]_xz =114 x 2

EXAMPLE (8| Find the limit

lim|-X=2 _ !
X xz—x x3—3x2+2x X [NCERT]

: x=2 1
- When x =1 the expression -
\/ P x2=x x3-3x+2x

' becomes the form = —. So, we need to simplify it to
express it in the form %

Get More Learning Materials Here : &

c=x

-2 1
Sol. Here, 12 - = -
x"—x x —-3x"+2x

| x-2 1 1
lxl[r—l}l x{xa—31+2)J

_| x-=2 _ 1

B x{x—=1) x(x—-1)(x=-2)
o (x-2 -1
xx—1)x-2)

[ x* —ax +4-1
_r{x—]}l[r—z}l

| 2t -ax+3 ]_ (x=3)x—1)

_x{x—l}l{x—2] xx—1){x-2)
[ x* -2 1
li - -
:Ell_x"—x 13—3x2+ax]
_ (x=3)(x—=1)
Tasix(x—1)(x-2)
= lim x=3
=1 x(x—2)
1-3 _—_2_
1{1—=2) =1
F+37 12 4
EXAMPLE |9] Prove that lim ————=——.
x—+ 2 33_7‘ _37“"2 3
¥ §-x X2 x
Sﬂl We have‘ lim u: hmw
— 33-:_3:.!‘2 x—s 2 33 _{3[."2}3

B (3° —3)(3" —9)
x— 2(3-37 9.4+ 33" + 37)
[ a* —b* ={a—b)a* +ab+b")]
(3% —3NF*2 —3)3* +3)
:_,T{S“” —3(3 +3x3 4 9)
(3" —33 +3)
r—2(3" +3x 3 +9)
(9-3)(3+3) 6x6 4
T e+9+9)  zm 3

Hence proved.

Rationalisation Method

0 s
If we get S form and numerator or denominator or both have
radical sign, then we rationalise the numerator or denominator
i : 2 0
or both by multiplying their conjugate to remove = form and

then find limit by direct substitution method.
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EXAMPLE |10] Evaluate lim -“;—‘/-

[NCERT Exemplar]

fFiz-\2

of the form -g So,we will rationalising the numerator by

Sol. When x =0, then the expression becomes

multiplying and dividing its conjugate i.e. 2+ x+42.
Jm Jz — (J2+ x—2) (V25 x +42)
""’ x50 x(J2+x+\/_)

[multiplying numerator and

denominator by,’z +x+ ﬁ]

2+x—-2 1 1
hm m =
l—’ox(:;2+x +32) x— 0:;2+x+s_/2 232

[using direct substitution method]

,’ 2x — 3
EXAMPLE |11| Evaluate lim Yomox — % ¥Bx

'-*",/30+x-2~/_

[NCERT Exemplar]
Sol. We have, lim 4 3x =
¥—a Jla+ x — 24 x

1I||¢:!+2.1c—~.|f51n? 1||1-;|+2:c+-.|r3¥
l-*ﬂ-.f'_’.a+.t—2w"_ -Ja+2.t+-.lr_

[multiplying numerator and
denominator by ~la+ 2x +/3x]
a+ 2x —3x

=¥-’=(J3a+r—2ﬂ"_}l{.'ru+2r+qf_}
[“{A-B)A+B)=A*-B

lim {ﬂ—x}{..||3a+_t+2-lr_]
-x—-al{,fa+2x+J_}(,f3x+x ZJ_H.JS::+1+2~J'_}

[multiplying numerator and

denominator by +3a+ x + 2«4";]
(a— x)[Ba+ x + 2/x]

=3T¢(Ja+gx+J§}r;3¢+x—4x}
 lim {a— I}['\Il3ﬂ+.t’+21f_}

= 38 (Wat 2x + \Bx) (3a—3x)

_ -u|'3¢1+.::+2‘~.‘rt;

:{qﬂa+2a+J3_a}

_ 4va
" 3% 2434a

[25]
(]
o2,
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c=x

EXAMPLE |12| Evaluate lim w.
=1 2x% 4 x-3

(2x=3)(vx 1)

= becomes of
2x"+x-3

Sol. When x =1, the expression

0 i 3
the form —. So, rationalising (J; —1) in the numerator.
0

by multiplying and dividing its conjugate i.e. Jx +1
i (223> 1)
x-ﬂ 2x? +x-3
o (2= -1)(x +1)
1 (Jx )2+ x-3)
. (2x-3)x-1) 0
='lfl-l"}(x/;+1)(2x2+x-3) [armm]
(2x-3)(x-1)
" (Jx )20 +3)(x—1)
. 2x-3 1

= lim =——
¥t Jx +1)(2x+3) 10

By using Some Standard Limits

We have,

n R

, then we can

If the given limit is of the form lim z
x—da x -

find the limit din:clly hy using the ﬁ:b“cl-wing theorem
Theorem Let n be any positive integer. Then,

X" —-g” et
=na

lim

¥x—Hd X =

Proof We know that, x" — a”

=(x—a) (x"_l dax" ra i+ a"_l}
On dividing both sides by (x — a) , we get

P

=x" M4 ax" 2. A a" xt+a™!
x=a
x" —-a”
Thus, lim
xX—a X -4
= |im{x"_I +ax" a"_2x+a’_l}

x—a

=a" ' +a {a"_z:l+ ot a" g+ a™!

=a' 4" 4 ta" " +a [# terms]

= pa""!

Note

The above theorem ie. I.mn"-a = ma™
L L |

rational number and a is positive.

iz also true, if nis any
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x10 ~1024
x=2

10
-1024
becomes of the

EXAMPLE |13| Evaluate lim

Sol. When x = 2, the expression & =
x—

0
form —,
0

x' —1024 x'0-20

Now, lim = lim

=10(2""")=5120
x—2 x—-2 -2 x-2 (x )

EXAMPLE (14 Evaluatehm
it T
x-2 1

Sol. lim m_zm= P _gh

x—2 x

x—2 x—-2
1 1
= = =3(22.'!)

l(zll‘!-l ) lx(z-zls)
3 3

EXAMPLE |15| Find all the possible values of g, if
9
im X =% - hm (4 + x).

x—=a X-a x—5

9 9
Sol. We have, lim >—2% = lim {4+ x) (i)

x—a y—a x5

9
. X —a -
Now, lim =9a)’ "' =9
x—a x—a

x—=a Y—a
and lim(4+x)=4+5=9
x5

FromEq. (i), 9a®* =9 = a®=1 = a=#1

EXAMPLE |16] Evaluate lim 3;
X = x

f&] First, write the given function in the form of
]

® =
and

X—a
i
apply the theorem lim X 78 _na'to get the required
i—+8 X-—43
&
value and then putting x = 2, the expression Z 5 a2
X

becomes of the form 0/0.

£-32_ . or-7

Sol. i = wZ =32and 2' =8
:—Isnz 13—3 =2 1'3—23' [ I
-7
) x—2 . g
= lim [dividing numerator and

3
a2yt - denominator by (x — 2)]

x—2
e A S
= lim + lim
r—+2 y—2 x—=2 yx—2
[ lim ——= fx) _ = lim fi(x)+ l|m g[x}]
:—sng{x} x—a
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c=x

=5x 271 +3x 2%} o lim X "4 =na""]
x—sa x—a
4
=5x%x2'+3x2? =sz2=§x21=§x4=9
INZ2 3 3 3
6 -1 x3 _kS
EXAMPLE (17| If lm = lim , then
=1 x=-1 x—k x2_k2
find the value of k. [NCERT Exemplar]
‘ §:-08
Sol. Given, lim = =t x %
x=1 x—1 x—k xz—kz
-k
= 4(1)' '= lim x—k lim x"—a"_na.-,
x—’kxz kz ‘x—’n xX—-a
x—k
x3-k
x=2k x—k f(x) xh—Taf(X)
= = - - v lim — = ———
im x?-kK* x—+a g(x) lim g(x)
,_’k x_k X a d
= 4= o gadp k220
3 3
2 5
-2x" +1
EXAMPLE |18| Evaluate lim ~—<=- ¥~
x=1x3 —3x% 42
[NCERT Exemplar|

7 5
—-2x' + 0
SoL h ¢ [_ from]
x—1 x* —3x% 42 0

.\"(.tf2 —l)—l(xs -1)
=1y (x-1)-2Ax*-1)

xT-x*—x*+1
lim =
L S s S o

[dividing numerator and denominator by (x —1)]

(xf-1) 1(x'-1)
= lim (:—1]' {J;—l}
=1y [:c—l}l_ Ax"—1)
(x-1) (x—1)
-1
ll:m x(x+1}— hmz[ J
x—s1 =1
- lim x* — lim® (x+1)
xr—s1 r—1
_1x2-5x%(1)' _ 2-5 e
1-2x2 1-4 -3

‘“’1 +x-=1
EXAMPLE |19] Find the limit lim ——.
ol X [NCERT]
(37 To evaluate such limit, we replace the function under

* radical sign by y and change the limit. So firstly, put
x+ 1=y and change the limit, then apply

N S
lim =na"".
=8 X-—8
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Sol. Put y=1+ x, then y—1lasx— 0.

s lim It lim \/;—l['.'x+l=y:x=y—l]

=0 x y=1 y-1

L. L
= lim u=l(l)%—I [ lim =nd"™"
y=1 y-—1 2 l x—a xX—a J
_1
T2

(x +2)¥% = (a +2)¥?

EXAMPLE |20| Evaluate lim -
xX—a X -

Sol. letx+2=y, theny—sa+2asx—a
lim (x+ 2" —(a+2)**

x-—+a X—a
32 _ 312
= lim Z& [x+2=y=>x=y-2]
yo @+ y—(a+2)
1—1 n_n
=Z(a+2)z =3(a+2)”2 v lim 272 gt
2 2 x=a x—a

6
EXAMPLE |21 Evaluate lim -+ =1
=0 (14 x)" -1

Sol. Putl+ x=y theny—>lasx—0

=
6 &
otim W2 T gy YT gy | 21
x=20(1+x)" =1 y21y°—1 y-o1| y"—1
y-1
[dividing numerator and denominator by y —1]

6 2
- tim 2 =14 jim X =2

y—1 y—1 y—=1 y-—1

6 l&—l 6 n__on
=—()‘»—_—,‘=-—=3 o lim 2% !

2(1) 2 xsa X—a

3 _
EXAMPLE |22| Evaluate lim W
X — X -

Sol. Put2x +4=y,theny—8 asx— 2

-

e (2x+4)lls_2_ & yl/!_2 I:'_-2x+4=}']
2

x—2 x—-2 -y—'l y—4_ :x:y—4
s II)2
=2 lim _)'_-_tl [',‘ 2 =(8)”’]
y—=8 y—4-4
13 _ il
=2 hmu
y—»8 y-—8
§ i-
=2-—(8)* [ lim =—2 -na""]
3 *=a xX-—a
2
=2--‘-(2‘) 3=E(z)'2=.2.xl=l
3 3 3 4 6
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c=x

EXAMPLE |23| Evaluate

n n-1 n-2 2
R X +Xx + X +.eet+X +X-n
lim :
x—1 x=-1
L e Lt x—-n
Sol. lim
x—=1 x-1
X" =D +H(x"T =D+ (=) (x -1
O ot | i )+t (2 ) +(x—1)
x—1 (x-1)
[-n=1+1+1+..to nterms]
X" -1 xn—l_ln—l
= lim + lim
x=1 x-1 x—1 x—1
2 2
- -1
+..+ lim =1 + lim -
x—=1 yxy-1 x=1 xy—1

a@) + (-0 "+ +20)P "+

n
[ lim = s =na""]
x2a X—a
=n+(n—-1)+..+2+1

_n(n+1) [

2

= n(n+l)]
2

| TOPIC PRACTICE 2 |

OBJECTIVE TYPE QUESTIONS

1 Which of the following is/are true?

_ax® +bx+c
L Hm ——e——
x=+1 ex“+bx +a

11
IL lim 35—,
x=»-3y+3 9

(where,a+b+c#0)is L.

(a) Both I and Il are true
(b) Only I is true
(c) Only Il is true

(d) Both I and Il are false

2 lim —M is equal to
x

x—0 [NCERT Exemplar]
1 1
b b
(a) 5 (b) w3
(c) ﬁi (d) V2
3 limlﬂ—;#is equal to
x— +x-—
(a) 115 (b) I%
(c)1 (d) None of these
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x2-4

4 lim is equal to
x—2 :;Bx -2 —:?x +2
(a) 2 (b) 4
(©) 8 (d) 16

7,7
3 - .
5 If lim = =7, then the value ofa is
x—+(-a) xX+a

(a)1 (b) -1
(c) £1 (d) None of these

VERY SHORT ANSWER Type Questions

6 Find the following limits. (Each part carries 1

mark)
2
(i) “max+b (ii) lim> 4
x40 ex +1 2 x+3
3 2
(i) im¥ZT3 (iv) lim X =4
=3 x+3 =2 (x=2)

7 Evaluate the following limits. (Each part carries

1 mark)
10, .5
(i) llmLxH (ii) lim beﬂ: a+b+c#0
=1 x-] w1l ex? +bx+

8 Evaluate the following limits. (Each part carries

1 mark)
5/2 5/2 4
I TRONE il .| NP ¥ 3
O O OmSo
n_on
9 Findn, lim = e =80,neN.
x—2 X—z
11

—f

10 Evaluate lim -2
x—=-2 x+2

SHORT ANSWER Type I Questions
Evaluate the following limits

2 %
1 mET2 o  Xo9X420
-2 x“+x-6 HS x?-6x+5
-1 ; x‘-4
131 14 1 ’
o T ol 21 3-Px-8
2
(5 lim X8l 16 lim 3X =x-10
-3 2y2_5y_3 =2  x2_4

17 l|m Jt+ J- 18 lim Ja+x—«f¢;‘
=0 x;;a2+ax
19 lim X +1 20 lim* x®-1

x—o-lx5+1. -1 x0
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n m
21 1im &2 -1 22 lim* =1
x—0 x x=1 x"—1
/ , 5/2 5/2
23 1 0 1+x° - VX -NI-X 54 |in2(x+3) - l(,b+3) :
x—o X— 2

X—’I S | x—2

25 (‘\13+X-\’5 X)- 26 li [ X2—4
=t 3x+2—;23x—2

27 (Jl+x+x —Jx+1 )
x-o()

SHORT ANSWER Type Il Questions

28 limX 3 _7x%+14x- 8 29 lim 1 2(2x-3)
-2 x232x-8 -2l x-2 ¥ _3x242x

30 lim Jl+x Jlex 3 1 x‘—J—
Lo[m o el

2
32 lim __?’xi 33 i [ 3x=3 4x
=1 ¥ -5x24+3x+1)  x-1/2| 2x—1 4x2-1

34 lim x? - 3x% + x® —9x* —4x? —16x + 84
X2 X =8x4 - 4x+12
4 _
35 1If lim X - =lim E ﬁnd all possible values
x—b X — =1 x—
of b.

| HINTS & ANSWERS |

2
1. (b) L Given, lim w

x=1 ex? +bx+a

ax(l)‘+bx1+c
cx(l)‘+bx1+a

o |
-

I lim X3
x=-3x+3

(3+ x)
x=-33x(x+3)

= lim —=--
x— -3 3y 9
2. (c)Puty=2+ xsothatwhenx -0, y— 2
2+ x—42
lim 5 J_
=0 X

L
2 _ o2

=]jmy 2 = 1
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{J_—n:zx 3)_

i X -Dx-3) 17,

3. ®)Given, lim 2x° +x—3 =1 (2x+3)(x—1)
-1
T
4 (© lim —2"4 m:mﬂ]
vz fix—2-fr+2 0
i (x— 2)(x + 2)(yf3x — 2 +,Jx + 2) mg]
w2 (f3x—2 = fx +2)(\Bx =2+ x +2) 0 18

= lim (x+ 2}{431’— 2+.,‘||.t + 2}_
2

x—5 2

7 7

5. (c) lim ﬂ=
x—i-a) x—(—a)
= 7(—a) ' =7 =a=+1

6. (b ()0 fi.ii}% {iv) 4

7. fi}—% (ii) 1

e

() 252
2

4 4
(il) Given, limit = lim Ans. 108
=3 y-—=73

(iii) 2—.:,;

9, n?'=5x2"" Ans.5

1 1
_+_

10. lim X2 = jim ZFY) g L
-2 x+2 x=-22x(x+2) 4

2
11. Iilnx_ 3"’r-'-z—li.ml'tx 2N x—1) A.rui.l
=2y py—p =2 (x—2)x+3) 5
—4 -5 1
12, Giw.renIjr‘ﬂ.’lt:IimM Ans. —
=5 (x—=1)(x—=5) 4

3 2
x —1=hm{x—l]{x +x+1)
(x-1)

13. lim Ans. 3

x*—4 o (x+2)(x—2)(x" +2)

4. lim —
i e e i R PN PN Y
MS.E
5
¢ 2
15. Iilnj_r—sl_ (x—3}x+3)x +9)
x—32x" —5x—3 a3 (x=3)(2x+1)
MS.E
7
2
5 Em W, (x—2){3x +5) Ans. 1L
=2 x'—4 =2 (x—2)x+2) 4
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19.

20.

21

22,

23

24.

c=x

Putx+h=y then y— xash— 0
hmum}”? —(x)'"
h—s0 h

MNow,

i 12 1

_ 1 —_1

TS el €1 S
X y—x 2

1
Ans.,
R

Given limit =

- Jari—da_Jarzeda

r—-ox 2+ ax .Jd+x+1.lr_

= lim

""'“fo.u: +ur}fﬁju +x+»\|"_}

1
Ans,
2ava
x+1
3 3
x4 x*+1 x +1
lim = lim {x+1) = lim + lim
a1 ] a=—l xd 4] -l x4l Tt x4l
x+1
3 3 5
x —(-1 x—={-1
= lim (1) + lim ( }-’t ns. —
x=b=1 x—f—l} x=r=1 r—f—l} 5
P |
15 15 1
-1 _ -1 -1
].imx = lim—X—1 =l'm1r +Ii|nx
:—:wa -1 x—51 xm -1 =1 y¥—1 =1 y¥—1
x—=1
15 15 W10
-1 -1 3
= li.mx -:-].imx Ans. —
=1 y—1 =1 y—1 2

Putl+x=1y, I:heny—plasx—n}

1+ -
Mow, lim +x) - I.iln}"I ll.mylI
x4k X ¥+l y— -1 y=l y= -1
Ans. n
x lim X
Given limit = lim x-1 = x-1 .Fl_ns.E
R e | s n
m
x—1 =1 x-—]

Given limit = lim "'Ier: _!J]_xs 'J1+13 +Vlrl_'tl
e x Ji+xt +qfi—x
{1+x = I,fl—x )
= 2 (Y1420 4fi-x?)

25*

Ans. 0

= lim

F30 2 {\!Hx +J1 —x')

¥ —(b+37#
y—(b+3)

Given, limit = lim
y—+ib+3)

where y= x+3

5 342
5. —(b+3
2( )
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‘,,‘3+1 5—x) {-.||3+.t+.,fl5 x)

25. Given limit =

:r—H (x—1)x+1) f1||3+1'+v‘5 x)
. 2x-2
= lim
w1 (x=1)(x+H1)(4f3+x+4/5— x)

1
Ans. —
4

26. Given limit
fim x'—4 {,|’x+2+.‘,‘3.t 2)
2| fx+2-f3x-2 {Jx+2+.u'3x 2)

i |,‘x—2)(x+2]-[,p'x+2+ 3x—2)
= lim

x—2 —Zx+4

Ans. —8
27. Multiplying numerator and denominator by

E 1
1J1+x+x‘+ x+1 Ans.—
4

28. Given limit = lim (x—Ifx—2)(x—4)

=2 (x—2Z}x+4)

Ans.—l—
3

29, Given limit = lim 1——&1
=2 x—2 x{x—1}x-2)

[ x*-s5x+6
= lim| —m8M8M8M88 —
r—*!_r{x—l}fr—z}l

N N |
r=2| x(x—1)}x—2) 2

1+x 1+x
30. Given limit = lm\{{g E}
W +fi70) (fira +fien)
{Jl+xg+,‘|'1+_x] {J1+x2+Jl-e-_x}
o0 -4 0)) x(W1+x* +41+x)
“""{fl+x}| 1+ x(V1+x* +T+x)
= lim x(x—1)(41+x* +.J1+_x}
""'x{x—l}l{x+]]{~‘fl+x2+,.||'l-|-_x}|

Ay () )
3. L
rl—'.rr: _J?—l x—:'l Nlr_ 1

x—5

Ansl

Get More Learning Materials Here : &

c=x

xm -1

) e ST el
= lim -limyx = lim ——-
x=»1 :]x_l =1 x—?l(x}l'“
x-1
T
lim
=1 y-—1
1/2
-1
Iim—fx}
=1 y—]

Ans. 7
2
32. Given limit = IJLmM Ans. H
=1 (x—1)x'—4x-1) 2

2
B [Sx—a_qx +1]

=102 2y—1 4x®—1

= lim

w—51J2

(Bx—3)(2x+1)—(4x" +1)
{4x%-1)
- [12x? 4204
lim | —

x—+1j2 4x2 —1

2
lim 2(6x° +x—2)
=12 4y —q
2[(3x+2)2x-1)]

= li
il (2x) (1)

= lim w Angll
a2 (2x—1)(2x+1) 2

34. When x=4+/2, the given limit assume the form E
1]

Therefore, {x—-.E} is a factor of both numerator and
denominator. But, irrational roots occur in pairs. So,
(x -h.E} will also be a factor of both numerator and

denominator, consequently, (x* — 2) will be a common

factor.

. lim ¥ —3x% + &% —ox' —4x” —16x + 84
x— 7 2 —3x —dx+12

- bim af —3x® + 2x° —5xt 44’ —19x" + By + 42
x—s 2 X -3x'+2x -6

Ans E«E—El

35. 3" '=4(1)'" Ans. b=t

_T
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| TOPIC 3|

Limits of Trigonometric Functions

To find the limits of trigonometric functions, we wse the

[following theorems
Theorem 1 Lctf and £ be two real valued functions with

the same domain such that f(x)< glx) for all x in the
domain of definition. For some real number a, if both

lim f(x)and lim g(x) exists, then
X—*ad x—rd

lim f(x)< lim g(x).

This is shown in the .ﬂ't.‘ﬁar'm'}:g ﬁgu re

Theorem 2 (Sandwich theorem) Let f, ¢ and b be real
funcrions such that f[x}ig[x}ﬂb[x} for all x in the

common domain of definition. For some real number a, if

lim f(x)={=lim A(x), then lim g(x) =1

This is shown in the mﬁaﬁning ﬁgure
¥
V)
"1":'“\

=0
y
=1

[¢] g

Theorem 3 Three important limits are
sin x

1=cos x
(i) lim =1 (ii) lim ————=0
x—0 x x—0 X
tan x
(iii) lim =1
x—0 x
A GENERAL RULE

exists and we want to evaluate

Let given limit lim fx)
x—a g(x
this. First, we check the values of f(a)and g (a). If both are
0, then we try to vanish those terms which make it zero. For
this, we write f(x) = £ (x) f5(x), such that £, (¢) =0and
f>(a)#0and g(x)= g,(x)g,(x),such that g, (¢) =0and
g,(a) #0. Cancel out the common factors from f(x) and

g(x) (if possible) and get

c=x

fix) _ W)
glx)  glx)

Then, lim @ = P(ﬂ}! where gla) 2 0.
x—a glx)  gla)

METHOD TO DETERMINE THE LIMIT OF
TRIGONOMETRIC FUNCTIONS
Step 1 First, check thar given vanable tends to zero or not.
[f yes, then go to Step 11, otherwise putx=a + b in
the given function such tharas x — a, then b — 0.

Step 11

]
Pur the limit in given funcrion, if E form is
obrained, then we go to next step. Otherwise, we
get the required answer.

Step 11 Simplify the numerator and denominator to
eliminate those factors which becomes 0 (zero) on

putting the limic.
Step IV MNow, convert the result obrained in step 111, in the
sin@  ran@
form of or .
i)
Step V' Substitute  the wvalue of standard limit of

trigonomerric funcrion as obrained in step IV and
simplify it.
EXAMPLE |1| Evaluate lim @ cosec 6.
B—0

[}]
Sol. lim 6 cosec B = lim —
=0 B 0 sin@

v o R T

. 1
= lim —
60 sinf

6

1 . :
=-=1 [ lim 22X =l]
1 60 x

EXAMPLE |2| Evaluate tim 323X,

x—=0 bx
sin 3x

sin 3x
Sol lim = lim
x—0 5Sx x—0 B
3

. A
= lim 3.5in3x
3
5

x—=05 3Ix
3 sin 3x

[as x — 0, therefore 3x — 0]

[hmiel]
6—0 O

5 3x—=0 3x
_3

><l=2
5
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sin a0 EXAMPLE |8| Evaluate lim costx

EXAMPLE |3| Evaluate lim
B0

sin b8’
i i i 1-cos4 2sin® 2 .
Sol. We have, lim == L = lim 222 9 + lim 2= bo Sol. lim ——" _ Jim —— X X [-1—cos 28=2sin"8)]
B gin p G0 § ] 3] x— i X x—+0 x X
] in b i :
=a lim A + b lim b = lim 2 s 2x ®dx
ai—o  gf w—o bB =1 2x
8 — 0, then abl — 0and as® — 0, then b8 — 0 i
[as® — 0, then af — Oand as ! en ]  lxD=0 [ i S0X _ }
=a()« k== =i =
EXAMPLE |9] Evaluate
. tan(8-b -
EXAMPLE |4| Evaluate lim 220-9) lim SRREDX o
6=b 0-b x—0 ax + sin bx
tan(A—b) , INCERT]
Sol. We have lim ? - Sinax bx
Bk — .
Sol lim sum.x.+ = lim —< X
Put 8-B=h =B8=h+b ¥0 gx +sin by 0 @x  sin bx
Also, when 68— b, then h— b x x
tan(6 — b) tan h [dividing both numerator and denominator by x]
lim = lim =1 sin (ax)
b=t B-b k=0 h lim ————xa+ lim b
= x—0 ax x—30
., tanx® ; . sin by
EXAMPLE |5| Evaluate lim : lim a+ lim =—=x &
x—0 x° .
R ) ) ) X _ -+ lim _ra d
.,i First, change the angle in radian and then use Ll_r:'{l’ ; =1 ) Tim gx) an
e . s+ 5y 10+ )
Sol  lim = lim —180 — [ 19= — rnd] .
a0 x® es0 MX 180 alim 222X 4 lim b
180 = =0 gy -r—s{r
sinTx lim a + b lim 22 L
EXAMPLE |6] Evaluate lim . e
x—0tanbx _all)+hb [ lim sin x _1]
sinx sin7x a+ bi1) =T
sin7x * X 7 lim b
Sol lim = lim = “'_’“t:’g =4+e_,
x—+0 tan 5x :—»usx[[:mEx] 5 iy AR5X a+b
5x 0 Sy
i . tan2x —sinZx
2 Lm0 and im 228 5] EXAMPLE [10] Evaluate lim 222X S0EX
51 5 lﬂ—su B #+0 @ J x—sl x3
sin 2x
. [sin2x +sinbx o — sin 2x
EXAMPLE |7| Evaluate lim | ———— |. Sol lim 2R X _SNZY _incosdx
x—0\ sin5x —sin3x x50 xs x—0 _ts
Sol li [sin?x +sin6.'r] lim sin 2x — sin 2x - cos 2x lim sin 2x (1 — cos 2x)
m| —m—m = = el ol
=0 sin5x —sin3x x—+0 x*-cos 2x 30 x - cos 2x
= lim [ Zsind x cos 2:c]= lim sindx cos 2.‘() - lim tan2x - 26in® ¥
=0} Zeos4xsinx =0\ cos4xsinx T 0 x =0 g
- lim sindx X cos 2x % 1 sd [by using product of limits and cos 8 =1— Zsin® 8]
=0 4x sin x cos4x tan 2x sinx :
sindox . = 2- lim —— % Zli.m[ J
=4x lim ® ].im[ ] =0 Ix 0L ¥
dr—=0 4y x—=0\ gin x .
1 =2(1)x 2(1)° [ lim 22X = jjy 20X =1}
¥ lim msz:cx—=[4><l>(1><1><—]=4 =0 x = x
2x—s0 lim cosdx 1 =4

dx—0
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EXAMPLE [11| Evaluate lim S5 =98%%
=0 cosox —1

[NCERT Exemplar]

Sol lim CO8 ax — cos bx

=0 coscx—1

e

el

= lim
0 —251112E
2
|[ cosC—cos D= —Esjn[ c+D Jsin[%] ]|
I_:mdr.'usze=l—25in23 J
= )* %)
sin
_].Il‘l'l

cx
sinz—
2

I A
) )

(5) =

2 .r_'z

sinzE

2

a+b a-b 4 _az—bz hmsmx_

B 2 2 {"! - (_"2 =l y -
; “

EXAMPLE [12| Evaluate _lim [w}
X nf4 X=TC "1'4

Sol LetL= lim

r—+ M

[sinx—tos.t]
X—n/4

Here, given variable is not tending to zero Le. limit is
not of the form x — 0.

n
So, put x——=h
P 4

= x= I+h Now, as x — —, thenh—aﬂ
si.n[£+ h]—cos[£+ﬁ]
L=lim 4 4

h—i h

o

[sm—ms h+ cos Esm hJ |
4

r
|
- oneon - mm_”

= lim
h—sd
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c=x

lim
h— 0 h
2 .
—=zin h
Ilm;‘L J_{I}- [ hlnﬁ-l]
h—0 r—=0 y

EXAMPLE |13 Evaluate lim —C232X
x—mf2 [TE 2)4.']

. ) 1+ms?[2+h]
Sol.  lim d X = lim

F=hmfE “1:—21'}2 =t [ﬂ:_ 2[ﬂ +h]:|2
2

[putt‘mgx =g+h,as X — % then h— D}

= lim 1+cas{r|:+22h}
b0 (m—®— 2h)
= lim _l—cas 2h [E Iorm]
=] 4.'12 0
.2
= lim 1—1(1— 2sin” k)

[vecos28=1- Zsinz'B]

EXAMPLE |14 Evaluate
lim (x + y)sec(x + y) — xsecx

y—0 y

Sol. lim
yrl ¥
w(sec{x + y)—secx)+ ysec(x + ¥)

[NCERT Exemplar]
(x + y)sec({x + y)— xsecx

lim x
y ¥
sec| x + y)—secx + lim vsecl x + y)
¥ Ll ¥
N
= lim cos(x + ¥)

y—3 0 ¥

= lim x
y—+i

R + lim sec{x + y)
y—+ 10

= lim x w + lim sec(x + v)
y=0 | yeosxcos{x + y)| o0

= lim

y—i

msx—cas{x+y}x x
¥ cos xcos{x + y)

+ lim sec{x + y)
y—+0
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1-cos 48

2&in[r+l]sin[l] EXAMPLE |17 Evaluate lim ———
2 2 X 6—0 1—cos 50
= lim b4 f )
) ¥ cos xcos(x + y 1— cos 40 2sin® (20 :
Z[QJ Sol. lim ——— = lim —— (29) [- 1 - cos 20 = 2sin"#)
801 —cos 58 60 . 3
+ lim sec(x + y) 2sin ry
y=20
) y] y
Sl.ﬂ(— . ¥ .
sin” (29) . sin 20
= lim si.n[r+£]>( lim 2/ x lim L — X 46° 16 21312‘0[ g
y2 2 ye Yy ¥y—+ 0cos xcos(x + y) = lim =__ -
2 o0 250 , 25 (sin30/2
. 259 lim
+ limsec{x + y) 2 . s\ sa/2
" ¥ 250° 4
=ginx x1x = +88CK = X lan XSecx +5ecy
cos” X 4 [as 8 — 0, then 20 — Oand 58/2 — 0]
| I valuate x—0 X ! 25 “]2 25 =ox
[NCERT Exemplar]
R . l+cosx
()~ First, use the formulg, 5 cb EXAMPLE |18]| Evaluate lim —_—
* sinC-sinD =2cos| =~ ]sir{;] and then apply the *F tan” x
< E Sol. On putting x = T + h, we get
limit to get the required value.
in(2 + in(2 ) lim 1+msx_hm1+ms{rl:+h}
Sol lim = &)= o o F=% tan’r b0 tan’(m + h)
=0 X
2t x+2-x) . (24+x—24x [~ when x — m, then h— 0]
2co - sin - S(m+h
= lim - ) dcom [ - ] [ tan(m+h)=tanh ]
=+ = lim : ,
[ D Cc—D k=0 tan® h |_an.d 1+ cos 260 =2cos” 8
[ gin C —gin D=2 cos [ J-sin[ J -
2 E 2:1382 [—+—] Z‘Sjnzﬁ
= |y €0 2sinx = lim 2 2 _lim
T e ¥ -0 tan® h k=0 tan® b
i [ n T .
=2cos 2 lim 22X = 2c0s 2 r liny sinf =1 l fui [—+ 9]=—si.nB socos? [—+ B):sinz 'B'J
=30y |_ a—=0 g ] 2 2
1 5 2sin® 1
. —C0Ss x~/cos2x =1 2 2
EXAMPLE |16] Evaluate lim —————. o — el
x—+0 x #@n
. 1—cos x+/cos 2x 2s5in® =
Sol. .-!-J—I.r; i =‘!i_|’1'1!h—2ﬁzmszh [ sin @ = 2sin %-cos %]
_ hml—cosxq‘cos 2x » 1+ cos x+cos 2x [Zsin E-CDSE]
x—+0 x? 1+ cos xq’ms 2x . )
[rationalising the numerator] = '}m‘; weos hs — x{1f == [ cos0=1]
=0, szl 21 2
2

1-cos® xcos 2x 1—(:032:0{2:9&2:—1}

= lim — =
H“rz{1+casxw{c052x} 0 12f1+msx-fm321}

EXAMPLE |19| Evaluate lim (secx - tanx).
*=m/2 NCERT Exemplar]

1-2cos® x+cos®x

a0 r£{1+cas x+/cos 2x) . -
Sol Puty=——x asx— — theny—0
2 2

(1—cos? x){1+ 2cos® x)
lim (secx—tanx)

= Im 3
=0 x {l+mstm52x}
3 2 x— B2
l_.msi.n X lim 1+ 2cos” x “‘[H-Z) 3 . -
= = — = - = li L —t o
a0 yf H“i_l+msx-fms?x} 1+1 2 _-,._I.nu sec[ }r] :m[z J-'J
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= lim(cosec y — coty)
y—=0

[ [sec%—ﬁ] = cosect and ran[%—ﬂ): cot B

= lim l__casy = lim 1—cos y
y»iiginy siny ¥y siny

Zsin” 4 I SinZE = 1_cos® 8
= lim 2 2 2
=¥ ¥ . .8 8
2sin=cos = and sinf =2 sin—cos —
2 2 2 2]
= limtan¥ =0 asy— D,I:heni—}ﬂ
L0 2 .

2

EXAMPLE |20| Evaluate
o (a + h)? sin(a + h) - a® sina

r.LL 0 h
[NCERT Exemplar]
Sol lim (a+ .':]n2 sinf(a + h) — a*sina
- h
= lim (a® + b + 2ah) [sinacos h + cos asin k] — a’sina
h—s1h k

[ sin(C + D) = sinC cos D'+ cos Csin 1)
3. 3 .
= lim [a sinalcos h—1) + a” cos asinh
h—+0 h h

+(h+ 2a)(sinacos h + cos asi.nh}lJ

. . h
a‘sina(-2sin* —) hl a® cos asinh
2 2|+ tim——"—

i R )
n—l,n K 2| ko
|
+ lim (h+ 2a)sin (a + h)
h—1

[ cos h—1= —2sin® h/2and

sinacos h+ cos asin h=sin{a+ h)

=g’ sina X0+ a’ cos a(l) + 2asina { lim anx = 1}
x—sl0 X
=a’cosa + 2asina
. 3sinx —Cos X
EXAMPLE |21| Evaluate lim J-—
x—= mnlb b9
g =
[
[NCERT Exemplar]
Sol lim -.Emnx—cas:c
x—sM A6 hid

[

. I , It
2 (sm X COS — — COS xsm—]
, ] ]
= lim

=l [ '.I'I:]
- —
]
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c=x

o)
SN x ——
=2 lim 6

x5 N6 [ TEJ
X — =
6

[ sin Acos B — cos Asin B =sin (A — B)|

=2 [ hmﬁ=landx—}£=&[.\r—£J—>0]
é—=0 B 6 [+

EXAMPLE |22| Evaluate lim 204X

x—=0 1=cos4x

sindx
x-

xtandx cos 4x
Sol. lim

= i
=01 —cos 4x =0l —cos2-(2x)

sindx
x-

X cos 4x
m —
r—=0] — {1 — 2sin’ 2x)

[2 cos 28 =1— 2sin® 8]

. x - sin 4x
= lim -
r=0 ¢os 4x-2s5in” 2x

x-sin X2x)

= lim
=0 cos 4x (2-sin 2x-sin 2x)

x (2sin 2x - cos 2x)

m [ sin 28 = 2 sin @ cos 8]
r=0 (23sin 2x -sin 2x) cos 4x

- s X -cos 2x = lim cast_ X
=0 (sin 2x)-cos 4x =0 cos 4x |sin 2x
cos 2x
= lim ——— x lim
- [sin 2x 2] =0 COS 4X
x 2
= lI.iln ! ® lim £ow Sx
2 x-ab [sian] T+0 cos 4x
2x
1 1 cos0D 1 1 1 1 [ sinB ]
=—M-M——=—H—-X—-=— - lim =1
21 cos0 2 1 1 2 |_u—mﬂJ

EXAMPLE |23] Evaluate lim 50X = 253X + sinsx

x—0 X
[NCERT Exemplar]
I — 2sin 3x + sin 5x
Sol lim sin x
x—=0 X
i (sin5x + sin x) — 2sin3x
= lim
x—= 0 x
Qsi.n[sx : :c)ms[S:c - ] — 2gin3x
= lim 2 2
x—=30 x

['.'smC+sinD=25m[L ;DJms[L ;D]]
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o 2sin3x cos 2x — 2sin3x

= lim

x—0 > 4
= lim 2sin3x(cos 2x —1)

x—=0 X
s 2(51113.\' ) " 3[—(l — cos 2x) |

x—0 3Ix 1

sin 6
=-2x1x3(1-cos0) {'.‘gun o =l}
— 0

=-6(l-1)=—-6x0=0

tan x —sin x

x3

sin x —sin x cos x )

EXAMPLE |24]| Evaluate lirl(l)

., tanx-—-sinx
Sol. lim ————=
x—0 x3

|
x—0

. |sinx(1—cos x) . _|sinx 1-cosx 1
= lim{ ———————} = lim { —— X ——— X ——

x—0 x” cos x 0| x x? cos x

sinx 2sin2£ 1
={lim }x lim —2 1 x lim
x=0 X =0 )" x=0COoS X
(_) x4
2

[ [ ¥
. sin—
}x—x lim 2

x3cos x

x lim

2 x40 x—0C0S X

. sinx
=4{lim
x50 X

=1xl(l)le-=
2 1

L
2

ol

2

Evaluation of Trigonometric Limits
by Factorisation

Sometimes, trigonometric limits can be evaluated by
factorisation method.

2
EXAMPLE |25 Evaluate lim <2t % =3

x—w/6COSBCX — 2

[NCERT Exemplar]
2
Sol  lm 2L X—3
x—nl6 cosec x — 2
2
-1-3
= lim X7 "0 [- cosec®x — cot® x =1]

r—®i6 CoSecx — 2
. cosec’x — 4
lim ——
r—+mib6 cosec X — 2
cosec x — 2)(cosecx + 2
lim { ) ) [by factorisation]
P (cosecx — 2)

lim (cosec x + 2)
r—+ M i

=mset%+2=2+2=4
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2sin® x +sinx — 1

EXAMPLE |26] Evaluate lim by

using factorisation method.

Sol.

x— /6 2sin® x — 3sinx + 1
[NCERT Exemplar]
; 2sin® x +sinx —1
m ———
x—x/f6 2sin” x —3sinx +1
(2sinx —1)(sinx +1)
x—x/6 (2sinx —1)(sinx —1)

‘ sinx +1
lim

x— /e sinx —1
1

o
1+sin—

14—
=—Q=—Z=—3
smﬁ—l -’--l
2

| TOPIC PRACTICE 3

OBJECTIVE TYPE QUESTIONS

1

c=x

; s
lim x sin—is equal to
x—=0 X

[NCERT Exemplar]
(a) O (b) 1
(c) % (d) Does not exist
1-cos46 .
m —————is equal to
601 —cos66
4 1
a) — b) =
(a) 91 ( )2
= d)-1
(c) > (d)

If o and P are the roots of ax? +bx +c¢, then the

. 1-cos(ax? +bx +c) .
value of lim is

x=B (x-p)*
2 2 2 2
{ﬂ] b {ﬂ; ﬂ-) {h} a ﬂlz_u}
() LB (@& B -
4 4
li tan x+4tan 2x— 3tan3x .
im is equal to
x—0 X
(a)1 (b) 8
(c)9 (d) 0

2 2 2 2
" X X .
lim —[1 —COS — —COS—+COS?COST] 15

8
x—0 _'[’E
equal to

1 1
- b) =
ial4 {}3

1 1
— d) —
{c}lﬁ ( }32
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Evaluate the following limits.

VERY SHORT ANSWER Type Questions

6
8

. sin5x
lim ——

-0 x

lim xcosec3x
x—0

. 1
10 lim xsin—
x—0 X

12

14

. sinx
lim
-2 X—N

. sinx®
lim ——
X—==

. tan3x
7 lim —=—
x-0 x

9 lim xcot4x
x—0
N 1
11 lim xcos—
x—0 X

. COSX
13 lim
—=0n—-Xx

o
15 Jim 1A02X
x—0 > oz

SHORT ANSWER Type Questions

16

18

20

22

24

26

28 lim

30

32

34

36

. sin(n—x
lim ——( ).
=% n(n-x)

. sin?5x
lim ——
x—0 xz

X sindx
lim
x—0 tandx

. n
lim (——x]tanx
x—=x/2\2

. 1-cos2x
lim — —
x— 0 x2

cos’x
x-»x/2 |-sinx

sinx
- 0x(l+cosx)

. tanx-sinx
lim ————
x—0 X

. tan2x-x
lim ——
x—03x-sinx

sinx

lim ————

=0 qﬂx +1 —,Iil—.t

. (a
sin [—
lim

Parge [ b
sin| —
2"

N

———

. sin3x
17 1im ——
x—0 sinTx

. axX+XCOSX
19 lim ———
x—=0 psinx

21 |im 1202
x—cl/2x n

2

9
23 lim S0 2
- 0g5in“4x

. l-cosb5x
28 lim ——=
x—0 X

7 lirr:) (cosecx—cotx)
X

: —si
29 lim l-sinx
x-»x/2 COSX

. cosx—cosa
31 lim ———

x—sa X—-a

2

. X“cosx

33 lim——=
1—-01-cosx

2 -

. sectx-2

35 lim =—~—=
r—u/d tanx—1

37

39

4

143

45 lim

47

49

. l-cosmx
lim ———
x—=0 l-cosnx
tanx-sinx

lim —
sin” x

x—0

. 2sinx-sin2x
Iim—m————
x—0 x3

. sec4x-sec2x
L
x— 0 sec3x—-secx
sin2x+3x
x—02x+tan 3x

38 lim

X a

LONG ANSWER Type I Questions

sinx-sina

Jx—w_}a

40 1im 982!

x—=0

42 lim

ey

cosx-1

1-sinx
2

2

. cosecx —cotx
44 lim——

x—0

X

46 lim (sin 3x+sin 5x)
- 0(sin6x—sin4x)

cot4x—cosdx _sin+/x-sin JE
o O G =N

(r-8x)*
cosx—cosa
x-+a

x— /8

lim
X—a

X-sa

X—-a

LONG ANSWER Type Il Questions

50

51

52

54

56

lim

2—J§cosx—sinx

x->n/6 (6x-n)*
. tanx+4tan2x-3tan3x
lim 3
x=0 X“tanx
tan® x—tanx .
53 lim
X—- =R

x—n/4 n
COS(X+I)

+cosx —1

lim lim
X (;t—x)2 x—n/2
sin[x]
it f)=] 70
0, |x]=0

l—sin-x-
2

x( X o x)
cos—| cos—-sin—
2 4 4

n .
[——x )smx -2cosx

)
——X |+cotx
2

, where || denotes the

greatest integer function, then find Iin}) f(x).
-

[kcosx,when xzX
If f)={ ™"
3, when x =g

then find the value of k.
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HINTS & ANSWERS |

1. {a)Since, lim x =0and —-1< si.nL <1, therefore
x—+i

1
lim xsin—=0
x—+0 X

X

2sin” 28

2. (a) Given, ].|m —cosdd
-0l — cos 66

1
4 0
T 9

[i]

o |

equation ax” +bx +c =0,
ax® +bx+ ¢ =af x— o) x

Now, given limit = lim

lim [
=0

-
1—cos {a{x—o)(x — )}

sin 26

sin36

-0 2gin” 30

im
=0

20

36

|
|

3. (b) It is given that o and P are the roots of the given

x—fi

[sin {ﬂl{x—u){x—ﬂ}
=21

(x-p)*

2

i

uz{x—u}a

x—=f

| 2

ﬂ2 I'B _ u‘}'.!

al x—ee)(x—f)

ﬂzfﬁ _u]'.!

4
4. (d) We have,

. tan x+4 tan 2x — 3 tan3x
m

2

x—= 0 X

_ 3lan31-|

= lim [t:mx +4tan21

=0 x X

tan x

= lim +58 lim

X

| x

|

=30 y
=1+8-9=0
5. (d) We have,

k4

fSi.Il d

=0 y
2
& X
= lim — |1— cos —
:—ers 2
232
sin —
= lim 32 -
=0 X

X

iy 1y
=s12x|—-| Xj=-} =—
4 a8 32

= C0§ —

)

2

8
2

¢

|

4

o

Get More Learning Materials Here : &

4

. 8 Xt x
lim — 1- co§ — — c0§ — + CO§ — CO5 —
2 + 2

o

16.

18.

19.

20.

21

22
23.

24,

c=x

5 7.3
1
Given limit = lim Ans.—
r—08in3x 3
1
Given limit = lim Ans, —
r—0 tandx 4
1
limx=0 and —1<sin==%1 and then use Sandwich
x—+il x
theorem. Ans.0
L]
sinx sin(t—x sin{t—x
lim lim ( ]=— ¥ Ans, -1
=T X—M x—=n I[_'r—‘.l':} = ft “'I:—I‘)

1
Substitute x =0 Ans. —
T

Convert x*® in radian measure, i.e. write x°=

X
—radian
Ans. T /180 180

2
1
Putw—x=h Ans. —
b9
ind
; i Sin3x ;
o
Given limit = 2.2~ 3x Ans. =
7 .. sinTx 7
lim ——
=0 Tx
sin5y :
Given limit = ].im[ ] ®x 25
x—+0 5x
in5 ins
= 25 lim 2% Jim 222X Aps. 25
Fr—s0 5x Sx—0 5%

Divide numerator and denominator by x.

Ans. ﬂ
b

sindx fdx
Given limit = lim —— Ans. 1

r—0 fandx [4x

Let x— == Then,
2

Ian2[£+hJ "
2 = lim tani 7t + 2h)

Given limit = lim
h—i h h—i h
tan 2h
= lim—= [ tan(ft +8) = tan8]
k= h
Ans. 2
1
lim sin® 2x sin” 2x
=0 [sin 2(2x)]*  x—+0(2sin 2x cos 2x)’
2
2 1 1
= lim 2u1 r2 = lim = Ans. =
—04gin” 2xcos” 2x *04cos” Zx 4
1—cos 2x 1-1+2sin” x
m F] = 2
=0 x x—+0
2
= lim sin’ r_zhm 2|.1n[ ] Ans. 2
=i I x—i I x— ik
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2sin” —
25.  Given limit = lim ——=

30 [51]

1—sin” x

[—)2><x Ans.0

26. Given limit= lim ———= lim 1+sinx Ans. 2
r—=ef2 1—sin x =1 f2

1 COS X
27. Given limit = Iim[ - )
r=olsiny sinx

sin x
X . X
Zsin® = sin —
= lim 2 = lim 2
=0 _ . X X x—10 X
25in —cos — Cos —
2 2
Ans.
X x
2sin—cos — tan —

28, hm#=lhm 2 Ans.l—

29,  lim 1‘ﬂx

s COSX h—0
| 2
h
1—cosh 2sin”
= lim — = lim 7 - Ans.0
h—=0 ginh k=i 2sin 2 cos o
2
. .
30. Given limit= lim[ X _gmx} Ans. 0
x—+l X x
C(x+al . [a-x
Zﬂn[—)sm[ ]
31. Given limit = lim 2 2
. (a—-x
sm[ ] . .
= 2lim —2x—ﬂn[u]
T—a  [A—X 2 2
(5]
Ans. —sina
[tanzx ]
tan 2x — x Jr|_ x _IJ nmzx[anzx_l
32. lim ——= lim - =0 szif'u
=0 3x—sinx x—o0 Jlr[3_su'1:vr] i
x =0 X
Ans. 1/2

z

[XJ
, at
X°Cos X 2
33.  Given limit = lim = 2lim
x— . 2 X x—+ill
2sin” —

lim cos x
. 2 X x—=0
in? =

Ans, 2

Get More Learning Materials Here : &

c=x

lim sin x -.|||x+1 +41—-x
:—tD.JJT Jl_x M‘F‘\h__

_ m_lsil'ux{dx+l+-u'1—x}
=0 (x+1)—(1-x)
. sinxf r+l+w..lll—x}
= lim

=0 x+1-1+x

-—]un hln{ x+1 +1‘||1 —x) Ans.1

2x—=0 x x—b

sinx

35 lim sec” x— 2 lim 1+tan’x—2
=i tan x—1 :—-n.u tan x —1
tan® x—1
= lim ———— Ans.. 2

=i tan x—1

[n(z)/5)

36. Given limit =

r—;ll] . [ ]/ « o b
ol f
2
mx
S T]
lim
2sin? X e mx
37. Given limit = ].im—a—=[_) —_—
x—+0 . 2 X n X nx
2gin” — sin —]
* lim
"f':—m el
2 | 2|
g’u‘xs.m—2
I

38. Given limit = lim sin x —sing J_+-.,|r_
-l X —sina)(x + o)

X—a X—a

On putting x —a = h, we get

ll.m [sin{a+h)— mna][1]|a+h+~f_]
h

Given limit =

["x—=a=h—=0]

2cosd+z+ﬂ.;n[d+z_d]l{\l'a+h +‘urr;}

ans[zd-m] [ ]l{ a+h -I--JI'_]
. 2
= lim

h—s0 [h]
2 _—
2

Ans. 24acosa

= lim
h—si

1-cos x

39. lim BaX-EDX = lim

=0 gintx =0 cog xsin® x
. 2 X
2sin® = 1
= lim 2 Ans. —
x—+i . 3 X 3 X 2
cos x| 4sin” —cos” —
2 2
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40.

4.

42,

43.

44. Hint Given limit

45.

. L . 1—cos 2x
Given limit = lim ————
x=0 |—cos x
3

X
2

L . 2
. 2sin® x . sin x
= lim = lim x
0, ., aX [ .
TlagintZ 7 * Sin—
2

25in x — 25in X 05 X

J %4 Ans. 4

Given limit = lim
=i x

sinx [1—cos:c)

=].im]_ - = lim
k=0 B

cos 2x—cosdx

cos 2ycosdx

Given limit = lim
CO8 X —cos 3y

=il
Cos X cos 3x

. cos 2x—cosdx
= lim *

x—+0

Ccos X cos 3x J

cos x—cos3x  cos2xcosdx

= lim

2zin3xsin x
x
x—+0

cos xcos3x )

25sin2xsinx cos 2xcosdx

. Endx

3 lim 3
=220 3IX v lim Ans. —
2 i sm Ix . tns 2xcos4x 2

COS8 X cos 3x

r—rﬂ 2x
1 CO8 X
. sSinxy sInX
= lim = lim
=0 x =0 X-§inx

1—cos x

= lim = lim
Tl . X x = X 2 2
x-28in—cos E E

[sin 2x 3x ]
—_— 2x

+—

sin2x+3x 2x

m m
x—0 2y +tandxy 10 2r tan3x ]31

sin2x 3
_+_
lim—2x 2[2

= Ans. 1
lr—m 2+ tan?.xJ 3
3 ix

Get More Learning Materials Here : &

46.

47.

48.

49.

50.

c=x

25ind
Given limit = hmw
¥—0 Jcos hxsin x

sindx COS X

= lim - lim Ans. 4
=0 ginxy x—0cos5x
cos4x
—Ccosdx
sindx

Given limit = lim —_—
T/ (r—8x) sindx

= lim msdx{l—smair]_ lim 1
=28 (p—8x) r—ni8gind x
4x(l—sind
- lim cos4 x| SL;'l x)
TR /& {N—SI}

On putting x= L h, we get
8

) (a6
=)

=hm—sin4h{]—m34ﬁ) Ans.]—
= (—8h)* 16
[E2E555
(Vx)* —(+a)?
[nr] [r rJ

T (xida) e [r -FJ

Given limit = lim
h—si

2cos

Given limit = lim
xX—ma

2c

Ans. ! cns-JrE
2:.".::

a—x

+
Zsin[Jr 4

Given limit = lim ) X(J;+JE}

I—”{;x—ia}x[;x-rjuj

+
2zin [u)
2
1

= lim
x—a

j ]xlim];{«f;-hﬂ}

Ans. —Z\Esina

2—J§cm[§+ﬁ]—sm(%+h]

)]

[2 Jg[cas%msh sm—ﬂnhj-{
J

Given limit = lim
h—0

n
[sm— cos h+cos sm Pl]
6

(m+6h—1)*
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Z—Ji-[ﬁcas h—izsin h]—[%ms .'H%sin h]

2
= lim
h—s 36hE
h
1—cosh 2sin’ =
= lim - 2 Ans. —
h=si gkt h—0 18k 16
tan x +4 tan 2x —3tan3x
51. Given limit = lim -
=l x“ tanx
2tan x Jtan x—tan® x
tan x +4- = -3 =
. 1—tan” x 1-3tan" x
= lim <
=0 X tanx
8 9—3tan” ¥
1+ ——— -
I—tan™x 1-3tan” x
= lim
x—0 12

[{1—ta.r12x]{l—3lanzx]+3{1—3tanzx]]
|—|{9 3tan® x){1—tan® x)

= lim =
x I,‘l—ran x)1l-3tan” x)

=0

—— e

|

2
—l6tan” x
= lim - - -
=0y (1—tan” x)(1—3tan” x)

tan 1
= —16 lim T T
—=0) ¥ {(1—tan” x){1—3tan" x)
Ans. —16

2
52, Givenlimit= ljm 2nX{tan x-1)

x4 n
COs I+;

[ 1

2
= lim tanx- lim |M|

T EM XM n
l CDS[I+E] J

[ 1

_ 1><| — lim (1+tan x)(1—tan x)

] |

=— lim (l1+tanx) lim £08 X —ain ¥ |

x4 x—+RM m
lCDS X-CO0s []’.’+—)J

+

JE[] ~COS X — l -sinx:'
=—(1+1)= lim :5 ?2-

r— ®M

COS X-C08 | X+—
4

Get More Learning Materials Here : &

c=x

(%)
cos | x+—
=—21J"2_ lim — L\ 4]

Ans. —4
x— E 4 [ " ]
COS X-COS| X +—
4
cos® £+sin2i—25i.n£cas£
53. Given limit = lim 4 4 4 4
X 1 x x , X
cos —| cos ——sin—
2 4 4 ]
3
x x
[cas —_— sm—]
= lim .

Ans
cos — —sin” — ——sm
4 4

54. Given limit= lim {y2+cos x—l}x Hzﬂiﬂs +1)

s (m—x) (/2 +cos x +1)

lim 24+ cos x—1
T {n—x}sz2+cas x+1)

2cos” —

:Ln:: {n—x}2wr2+cos x+1)

2[:‘l:-i»h]
2cos | ——
. 2
= lim z
i0(—h)* (4f2+ cos(r+h) +1)
h

sin®— .

= lim - - Ans. —

h—0

2
z[%J [.,,I'2+ cos(m+h)+1)

f—mﬂn[5+hl— 2cos [5+5J
2 2

55. Given limit = lim

e {—h}|+cot[%+h]
= lim —hcos h+2sin h Ans. — l
h—0  —h—tanh 2

« Fmo.owd I

56. RHL= lim f(x)= lim f(0+h)= u.nWJ'_“"

o [D+h] i
Ans. Does not exist
n
i kms[;+ﬁJ
57. lim f(x)= lim COSX _ lim
=2 =il T—2x :—Hlf? T
n—z[—-rh]
- lim ksi.nﬁ=£
h—d 2R 2

= w2

L)

It is given that, lim f(x)=f ]

Ans. k=6
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| TOPIC 4|

Limits of Exponential Functions and

Logarithmic Functions

LIMITS OF EXPONENTIAL
FUNCTIONS

The great Swiss Mathematician Leonhard Euler
(1707-1783) introduced the number ¢, whose value lies
between 2 and 3. This number is uscful in defining
exponential function.

A function of the form of f(x)=e" is called exponential
function.

The graph of the function is given below

M =

X X

y
(1) Domain of f(x) = (=oe, c°)
(ii) Range of f(x)=(0, =)
To ﬁnd the limit ofa ﬁm(tion invo/uing f.\'panentia/ ﬁmttian,
we use the following theorem

et =1
=1

Theorem lim
x—0 Xy

Proof We have an inequality

1 =1
< <1+ (e=2)|x)
1+ | x |
xe[=11]=1{0} (i)
S | 1
Here, - is sandwiched between the functions and
x 1+ x|
1+ (e = 2)|x].
lim 1
. 1 x— 0 B &
Now, lim [by quotient of limits]

x—10]+|x|: lim (1+|x]|)
x—=0
11
C1+|o] 1
and lim [l+{f—2}|x|]=1+{f—2}|ﬂ|
x—3 0
=l+(=-2)({0)=1

Get More Learning Materials Here : &

c=x

Thus, lim
x—0 1+ ’x‘l

=1=lim[1+ (¢ = 2x)|x]]
x—0

So, by applying sandwich theorem in Eq. (i), we get

%
lim ( =1 Hence proved.
x—0 X
METHOD TO FIND THE LIMIT OF
EXPONENTIAL FUNCTIONS
If given function has exponential term, then we convert the
given theorem in the form of £ " and then use the
x
e =1
theorem lim =1
x—0 X
ey
EXAMPLE |1] Find the value of lin(l) .
X— X
3x ix
Sol. lim & —l=lim 2 xi
x—0 X x—0 X 3
[multiplying numerator and denominator by 3]
3x
=3 lim &1 i)
x—0 3x

Leth=3x.Then,x =0 = h—0
Now, from Eq. (i), we get

Sx k (1]
S —! a3timE —lasq) [ lim £ "=1]
h B—=0 6

x>0 X h—0
=3
X -X
. e +e =2
EXAMPLE |2| Evaluate im ————.
x—0 X
Sol LmZ ¢ —2
x40 1-2
e +1—2e7
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E!inx -1

EXAMPLE |3| Evaluate lim ———
x—= 0 X

Sol. lim & _1=Ii|ne —lxsinx

=0 X r=s x gin x

[multiplying numerator and denominator by sin x|

LIMITS OF LOGARITHMIC
FUNCTIONS

The |ngarit|‘|mic function cxpn:sscd as ||:|gr R" = R and
given by log_ x =y iff e’ = x.

= lim " * _1  sin x - lim snx g  lim S0.X The graph of the function is given below
x= 0 in x x x—=8 gin x x=0 ¥ Y
0 _ .
=1x1=1 [ lim < ! =1and lim = 9 =l] f (x)=l0ge x
=0 g0 0 -
oo
g* — ¢’
EXAMPLE |4| Evaluate im ———.
=3 X -—3 ¥
x 3 . .
Sol. We have, lim = _; (i) Domain of f(x)=(0,)or R*
x=3 x-—
i) Ran F =(=—o0, 00 R
On putting h = x — 3 we get (i) ge of f(x)=( ) oc
x .3 hes 3 To find the limit of functions invelving logarithmic function,
J_Ii_",l"a 3 u]i—J.“u [-x—=3=h=10] we the following theorem
log (1+ x
= lim e'e! — ' Theorem lim L:]
h— 0 h x—=0 ¥
ho_ _ log (1+ x)
=¢* lim & 1=ej>-<1-£'3 |: lim < 1=1] Proof Let ———=y
h—0 h B0 H X
Then, log, (1+x)=xy
x
x(e” =1 — .s — y—
EXAMPLE |5| Evaluate lim & —2, = I+x=e [logx=y=e’ =x]
x—0 1—=C08 X
5y ; e? =1 | e? -1 |
Sol lim L i )= lim X~ [l"l-cqu=25iIlz£] - x - J=
z=bl—pogx *0 53X Xy
2 On taking limit xy — 0 both sides, we get
e lim xe _l}xi 7T =1
250 mtX X lim lim y=1= lim y=1
xy— 0 xy x— 0 x—0
[multiplying numerator and denominator by x| [ P
_1 lim (e* —1]|>I< 1 l lim =landasx — 0, thenxy — 0
2x=0  x sinx /2 g0 xy
' log (1+ x)
] L = lim -2 "% o
=— lim £ ® - =0 X
2x—=0  y sin® x /2
3 Note
(3) = i 0%01=2) _
. 2 =i} -
=1— lim x4 lim =
2x=0 X x—+ ﬂ(gi_nx,l’QJ COROLLARY
xf2 . log (1=x)
! oy o [ lim ———=1
=—x1xdx— [ lim & =1and lim = =1] =8 -
2 [ A0
a“ =1
=i=2 IL. lim =loga
2 x— 0 'y

Get More Learning Materials Here : &

c=x
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METHOD TO FIND THE LIMIT
OF LOGARITHMIC FUNCTION

If given function involves logarithmic function, then we

| 1
log (1+x) |

convert the given funcrion in the form of n

X

log (1+ x)
then use the theorem lim S TR L
x—0 x

EXAMPLE |6 Evaluate lim -23e0*2X)

x>0 X [NCERT)

Sol. We have, lim log.(1 + 2x) * s
x—+0 x 2
[multiplying numerator and denominator by 2]
! 1+2
= 2 lim B+ 22)
x50 2y
On putting h = 2x, we get

lim M:thw l'_‘x—;ﬂ:;h—}ﬂ]
x—+0 x h— 0 h
=2(1) [ i Jog 0+ ) _ ]
x—sil x
=2

1 -1
EXAMPLE |7| Evaluate lim Y———

x—0 log(1+ x)
Sol hln@

=0 log(l + x)

On multiplying numerator and denominator by
ﬂlh +x +1, we get

. ,|||1+x—1 1I‘I[i+.1c+1
lim x
0 log(l + x) {4] +x +1)
l —_
= lim +x-1
x=0(,J1+ x +1)log(1 + x)

X

=1
.:.gu(,j: + x +1)log(1 + x)

1 1 1
= lim =——xl=—
(fi+0+1)rs0logl+x) 1+1 2
X

EXAMPLE |8| Evaluate

x* = xlogx +2logx - 4

lim
x—2 x =2
f—xl + 2logx —4
Sol lim —— 8% BX
=52 X - 2
=l (x* —4)—logx(x — 2)
=2 X - 2

Get More Learning Materials Here : &

c=x

= lim (x+2)(x—2)—logx(x—2)
x5 (x—2)

= lim (x—2)[x+ 2-logx]

x—32 (x=2)

=lim [x+2-logx]=2+2—log2
=3l
=4-log2
. logx-1
EXAMPLE |9| Evaluate lim ———.

X X=p

! -1 ! -1
Sol We have, lim B X = lim —£ - _ B¢

T—%e X —¢ 4 x
ej—-—1
4

= lim —£

x—4e X
e|l——1
e

On putting x = h+e, we get

1 h+e
o
logx-1 _1 g £

lim —lim ————[vx—=e=h—10]
= X—§E € h—si [ﬁ+£‘ 1)
e _

€
' log [1 + ﬁJ
e h—=i h
8
. . h. .
Again, putting y = — in Eq. (i), we get
€

h

1 0 log |1 +=
lim—EX " _ - ¢
I=r X —¢@ g h—=0 E[b]

[ loge =1]

[ m |
~logm—logn = log—
l E E EHJ

(1)

e

1 log (1
=— _n—ogl,f *+) [vh=0=y—=10]

log (6 + x) — log (6 — %)

EXAMPLE |10| Evaluate IJLI'L'EI

X
Sol lim log (6 + x)— log (6 — x)
=il X
X x
logﬁ[l+—)—lngs[l ——]
. 6 1]
= lim
x—+0 X
[Iagﬁ + log [1 + i]} - [Iagﬁ + log [1 —i]}
= lim 6 6
x—+0 X
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TOPIC PRACTICE 4|

OBJECTIVE TYPE QUESTIONS

i L . i ]imu e" is equal to
= lim — + lim — x—
x=l E =l § _% {a} -1 {b} a
(c)1 (d) does not exist
[ lim log(l + x) = lim logii—x) | g
| = x =0 —x | 2 lim is equal to
X— X
=l>c 1+ H ®1 3 2
6 6 (a) |ﬂg5 (b) 1033—,
1,1 21 ] |
e 6 & 3 log= d) log>
6 6 6 3 {c]\c:rg2 {}033
o 3 lim eV*i It
EXAMPLE |11| Evaluate m(g‘” 1]. Jmye isequalto
2% - (a) O (b) -1
{[ —1] } {c)1 (d) does not exist
d:r
Sol. lim :_ = lin 4 lim 51 is equal to
r—rcl ;-,a{ x_y } 0 flax—1 q
(a) log 5 (b) 2log5
lim 3* —1 (c) - Iggﬁ (d) =2 |ﬂg5
_2 2x—0| 2x anx _y
=3 IR 5 The value of lim is
im [ ] x—0 X
Ix—+0 Ix {ﬂ.} -1 “J) 1
2 log3 lim a“* -1} _ loga {c)0 (d) None of these
3 log2 x50 EY '

_ 2log3  log(3*) log9
“3log2  log(2’) logs

A |
EXAMPLE |12| Evaluate lim ———-.
12| x>0 1+ x -1

Sol. lim 2 1
2% =1 (JH»_\'-H)
Hom 1 (Jl+r+l)

i x{JTKH}
x40
lun llm (Jl+ x +1)

x—0

=(]og2)2 = 2log2
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VERY SHORT ANSWER Type Questions

Directions (Q. Nos. 6- 15) Evaluate the following limits.

4x _ bx
6 lim|& 1] 7 tim &=1
-0 X x—0 X
X
8 lim(3 “] 9 1im 1080 +5x)
x—0 X x—0 X
X _px
10 jim (080+<x) i T =2
x—0 ¥ x—0 X
2+x 2 X 4
2 lim[;] 3 lim(e 4 ]
X0 X x=0| y—4
X X -X
14 1im & = 15 lim £—=°
-5 y—-5 x50 X
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Directions (Q. Nos. 16-23) Evaluate the following limits.

X -X X
6 lin T 17 nm[e-_x-']
=0 X x—0 X
X _ p2¢ 2+x _
R i ® =9
x—0 X x—=0 X
sin x
20 lim% ! 21 1im X1
x=0 sinx x-1log, x
22 lin; log::—lsogs 23 lin})log(si‘:\xﬂ)
X - X

SHORT ANSWER Type Questions

Directions (Q.Nos. 24-32) Evaluate the following limits

24 lim log(5+ x) —log (5- x)

x—0 X
R 4 X X
28 X2 26 1im 3 =%
-0 sinx -0 tanxy
+ X Q
27 lim eE** _sinx-¢é* 28 1im 128 (1: %)
x—0 X =0 gin®x
2 0 | T e e 7
29 lim —= 30 lim=———=<
x=0 :/l —cos2x x-2 BA-¥_gx/2
X sin x 2x X
AT sl i 32 lim (ﬂ]
-0 y—-sinxy x—0 e

| HINTS & ANSWERS |

1. [:IL‘} lim EI=En=1
x—+0

2. (a) lim [3* _21]

=0 x

= lim [3 _1]— lim [2 _]]
FE ] x x=s 0 x

=log3 —log2=log (3/2)

3. (d)Let f(x)=e""".
Then,
LHL at(x =0)= lin:_ fix)
=h].|_r,nn fio—h)
=lime " =¢>=0
h—s

and RHLat (x=0)= lim_f(x)

=0

Get More Learning Materials Here : &

10.

1L

12,

13.

4.

15.

16.

17.

c=x

o RN

= Ah-',no f(o+h)

= lim '™
h—0

= ¢~ = oo, which is not defined

So, lim f(x)does not exit.
x—=0

(b) We have,

) 5% -1 ) 5% -1 ,h+x+1
lim = lim X
20 firx—1 520 fixx—1 Jitx+l

= lim 2 —lx limo(,,l+x+l)

x—=0 b d
=2log5s
tan x
(b) Given limit = lim . 228X
x=0 tanx X
=1-1=1
e -1
Given limit = lim 4 [ ) Ans. 4
x50 4x
b
log3
Given limit = lim M Ans.5
x—0 5x
¢
a x
b* (— -1
b a
Given limit = lim Ans. log (—]
x—0 X
2 ¥
Given limit = lim ele -1 Ans. e’
x—+i x

x—4
-1
Given limit = lim ¢* [e = } Ans. ¢’

x4 x—

Put x—5=handas x — 5 then h— 0.

. We have
h+s 5 h 5 5
lim £ f =limEf ¢
] h h—sii h
B
e —1
=¢" lim Ans. ¢*
Y]
ix Ir
e =1 -1 2
L = lim = lim #* lim — Ans. 2
=0 yg x=sil 2y =+l EI
] 2x
a a” -1
lim #x 2=a"loga®
=50 2y
Ans. 2loga
X — _1 X _1
nm[L Y el
x—ii x x—0 x =0 x
Ans. 0
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20.

21

22,

23.

24.

x—l Ix 0 2%
Ans.1
24x 2 X
3 =9 33 -1
lim = lim ( )
x—=+0 X x—+0 X
Ans. 9log3

Let y =sinx.

Then, y— 0as x — 0
inx ¥ _
].imd!rl ]=1imﬂ

Ans. loga
=0 giny y— ¥

1+h-1
im = lim
k=olog (1+h)  k=0log (1+h)
_ 1
T log(l+h
lipg 128 +A)

k0 h

Ans. 1

Put x —5=hand as x — 5, then h— 0

h
log|1+ =
g[ 5]

lim log(h + 5) — logs -

lim h Ans. -
h—0 h h—+0 aos
5
lim Iug{m.n:c +1) « sin x Ans. 1
x—+1) Sln X X
log {5[1 + i)} - Iag{S[l - iJ}
. 5 5
lim
x—0 x
{lngSH::rg[l +i]} = {1og5+ Iag[l —il}
= lim 5 5
x5l x
. 10g[1 + i) log[l - iJ .
= lim 3/ _ lim 3/ 2
x—=05 £ x—=rly _£ {—5)
5 5
g’m.:s.E
5

-

25. lim{(af—l]—[bi‘-l}}
x50 || sinx sin x
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x—0 x—0

x sinx

x sinx

=1im[a _lx - ]—h’m[b _lx x

26.

27.

28.

29,

31

32.

c=x

x x

a -1 X -1
= lim ® lim — lim *® lim
= X r=08INY x—=0 X x— 051N X
Ans. | [“]
ns. og —
&
3 —1)—(2" =1 X
li.m{ )—( ]x
=40 x tan x
3" -1 2" -1
={li.m — lim Jx lim —=
=0 x x=ll oy x=0 fan x

Ans. loy [3]
. log p

rejfe‘ -1 ﬂ]

li.ml_ J Ans.(e® —1)
x=+ 0 x x
log(x* +1 N
lim og{xi ) * :cj Ans. 1
=0 X sin” x

e' =1
e” —1 X 1

lim
=0 JZsin“ x
1
= lim *® Ans.
32 =0 x sin x 32

We have,

. F 312 (3P —12(3" )+ 27
11 = lm -

r— 3 33—:_3:,f2 s 3 33_[31'11)1

(3" —3)(3" —9)
lim m =
= {3 =3O +3 =3 +37)

(3" = 33" +3)
2 T A
=2(3* +3x3"" +9)

3

x sin ¥ r—ginx
e —& £ -1 ;
lim—= |il1‘ll?mn:w[—]=E:‘m€I ®1

=0 ¥ —sinxy =0 X —sinx
Ans.1
2x Ir
37 =-1)—-(2"" -1
lm{{ )= 1‘l
x—+0 X
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| TOPIC 5|
Derivative and First Principle
of Derivative

DERIVATIVE AT A POINT

Suppose f is a real valued function and 4 is a point in its
domain. Then, derivative of f at @ is defined by

. fla+h)= f(a)
m - —
h—0 h
provided this limit exists.

The derivative of f(x) at @ is denoted by £ (a).

EXAMPLE |1| Find the derivative of f(x)=4x+5 at
x=3.
Sol. Given, f(x)=4x+5

We know that, at x =a, f’(a)= :imw
-0

& popanaaan JAER=1(8)
-~ f(3)—,}x_r’rz—h

=hm4(3+h)+5—(4x3+5)
h—0 h
o 12+4h+5-17 _ . 4h

=lm——————— = lim—=4
h—0 h h—0 h

EXAMPLE |2| Find the derivative of the function
f(x) =2x* +3x —5at x =— 1 Also, prove that
frO+3f(-1)=0.

fla+ h)-f(a)
h

[NCERT]

)- Use l'(a)='!imo , to find

v o
/(0) and /(- 1) Then, show that 7*(0) + 3f*(-1)=0.

Sol. Clearly, f(-1)= ’}im W

-0

-+ f'(a)= im L@+ W)~ f(a)
['“")'Pﬂ h ]

Fl 3
- lim [A=1+h) +F—=1+h)=5]=[A-1) +3H-1)—-9]
h—s0 h
2
- lim [2(1+ k" —2h)—34+3h—5]-[2-3-5}]
Fe—s 1 h
2
= lim 2h™ —h
k=0 h
= lim{2h —1)
h—si
=H0)-1=-1
s flO+h)— fl0)
andfl{ﬂ}l—!gt:—h

- @ = i LD~ f(@)
|+ e = i SN (@)
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c=x

2 2
= g [0+ ) + 30+ B) = 5] - [A0)* +%0) 3]

k=0 h
2
= tim 223 i (2h+3)= 20)+3=3
k=0 k=0

Now, f(0)+3f(-1)=3-3=0

FIRST PRINCIPLE OF
DERIVATIVE

Suppose f is a real valued function, the function defined by
fa flx+h) = flx)

, wherever the limit exists, is defined
h—0 h

to be the derivative of £ at x and is denoted by f”(x). This
definition of derivative is called the first principle of

Hence proved.

derivative.

Thus, —f(.\' 28— o)

h

=t
. . . d .
Sometimes f’(x) is denoted by Z[f(x)] or if y= f(x),

then it is denoted by -%and referred to as derivative of f(x)

or y with respect to x. It is also denoted by D[ £(x)].
Note

Derivative of f at x = ais also given by substituting x = a in f(x)and it
is denoted byﬂ.f(x)l,o« Q’Lor(d_'] :
ax ax X Jyma

EXAMPLE |3| Find the derivative of f(x) = %from first

principle.

Sol. We have, f(x)= 1l

x
By using first principle, f(x)= ']‘.m% w
1 1 [ 1 1
-— 1= flx)=—
_f’{ﬂ:]imm_x | 11 |
b0 b [ ﬂx+h}=x+hJ

=hml[x—l{r+h}}=hml|: —h ]
k=0 hl x(x+h) k=0 bl x(x+h)

. -1 -1
= ].Il‘ll = —
ﬁ—*ﬂ|:x(r+h]1 X2

@’g www.studentbro.in



EXAMPLE |4| Find the derivative of f(x)=ax+ b,
where a and b are non-zero constants, by first principle.
Sol. We have, f(x)=ax+b

By definition of first principle, we have
flx +h)— f(x)

f(x)=h_xg p
hma(x+h)+b—(ax+b)=limﬂ=a
h—0 h k=0 h

EXAMPLE |5] Find the derivative of f(x) = x", where n
is positive integer, by first principle. [NCERT]
Sol. By definition of first principle, we have
£'(x)= lim flx+h)—-flx) _ hm(x +h)" —x"
h—0 h h—0 h

(1)

By binomial theorem, we have

(x+h)" ="Cox" + "C,x"h+ "C.x"*h* + ...+ "C I
=(x+h)" = x" +nhx""" +--"(',Tl)-h’x'"z T
=(x+h —x" =nhx"" + @#x"'z + . +h
On putting this value in Eq. (i), we get
"hI"-l '(n 1)hz n—-2 +hn
’ = h 2
Fla=gs 7
h(nx"' - th"'z SN s ]
= lim 2
h—0 h
= lim[nx n(n l)h SaL TS o ]- nx""!
n—40| 2

Hence, f'(x)or if(xf) =nx""!
dx

EXAMPLE |6| Find the derivative of (x — 1) (x — 2) from
first principle. [NCERT]
Sol. Let f(x)=(x—-1)(x —2)=x" —3x+2

By first principle of derivative, we have

f(x)=
u lim [(x+h) —3x+h)+2]- [x -3x+2]
h—0 h
” lim[ar2 +h* + 2xh—3x —3h+ 2] - [x* —3x + 2]
h—0 h
=umzhx+hz —3h=limh(2x+h—3)=2x—3
h—0 h h—0 h
EXAMPLE |7| Find the derivative of( ]from the
first principle. [NCERT]

Get More Learning Materials Here: &

Sol. Let

x -1

By first principle of derivative, we have

(x+h)+l_x+1
(x+h-1 x-1
m

f(x+h) filx)
f(X)- . = lim =
_ (x+h+l)(x-l)—(x+l)(x+h—l)
= Wx+h—=1)(x—1)
=lim(x2—-x+xh-—h+x—-l)-(x2+xh—x+x+h-l)
h—0 hix+h—-1)(x-1)
— 2h o -2 =2

g = TPV - Yy (x—1)?

EXAMPLE |8| Find the derivative of e*,
principle.
Sol. Let f(x)=e*

By using first principle of derivative, we have

using first

f'(x>=umf‘“""f""=um"”"'
h—0 h
—_ h—
=hme(c l) o (e" -1)
h—0 h k=0 h
2 13
[(,+h+h_+h_+ -J- ]
1 2! 3
= lim!
h—0 h
2
h[l+i+—-+...m]
2! 3!
= =e" x1=e"
h—0 h

EXAMPLE |9| Find the derivative of a* from first
principle.

Sol. Let f(x)=a".

By using first principle of derivative, we have

1oy — o (X HR) = f(x)
f(x)= lg!;—h
. ,(x)_limaxth_ar_hmaxah_ax
f -h—,a h -h—,o h
h
= f(x)=a" 'Ei_x’x;[a—h_l]=a’ log. a
.a -1
[ lim = log, a]
x—0 X
EXAMPLE 10| Find the derivative of e*’ from first

principle.
2
Sol let f(x)=e"
By using first principle of derivative, we have

(xfh)’ _ x?
lim f(x+h) f(x) _ g € e
R0 k=0 h

fi(x)=
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o bt ke x?

= lim
h—si h
hik + 2x) _
- Iilne“z e 1 . (h+ 2x)
h—0 h (h+ 2x)
) hik + 2x) _
=e” lim| ———— | % lim({h + 2x)
h—ol hih+ 2x) h—s0

x

P! o ¥ -1 1
=e" x1x(0+2x)=2xe" ~+ lim = =1
by

EXAMPLE |11]| Find the derivative of e’* from first

principle.
Sol Let flx)=e'*
By using first principle of derivative, we have
_ Jorh _ ofx
fx)= f{x+h} fix) ]i.mE e
h x—il h
B InEG{fJI*‘*_r—l)
h—0 (x+h)—x
J_{E‘hr-tk -J_ 1
rHﬂfJHﬁ J_){JHMJ_}

J:+.’| J_ -1
=&V lim £
b0 (3fx + h—fx) ""“I[Jx+h+~"_}
Jx ¥
= JEXIX ! =f ol £ _1=1
¢ 21\: 231 .'r'll.::] y

EXAMPLE |12| Find the derivative of the function
log x, by using first principle.

Sol Let fix)=logx
By using first principle of derivative, we have
x+h X logix + h)— logx
)= g L W= JG) g+ ) log
k= h
[.t + hJ [ h]
log logj1+—
= lim X J o lim X ><—
[— h h—s0 h
x
=1><]—=]— [ lim ]ng[ ] ]
X ox

EXAMPLE |13] Find the derivative of log, x from first

(+3)
log, |1+—
= (e m im ——J
Iagell-l-i)

im \x) (.- log, & = JoReR |

k=0 (log a)-h l log a

i)
G

[,

= lim

= f'{:c}-

m—r
[ x |

EXAMPLE |14| Find the derivative of the following

xlog,a

function by using first principle. [NCERT Exemplar]
(i) sinx {ii) secx
(iif) tan x

Sol (i) Let f(x)=sin x
By using first principle of derivative, we have
fix +h]—f{r]= . sin{x + h) —sin x
h b= h

[r+.‘t+x) . [x+.'t—r)
2cos -sin
2 2

C+
[‘.'sinC—sinD:Ecos [ - J

D xsm[c;nﬂ

Fix= i

= lim
k=

-

o
2eos | x + sin—
2

. 2
= lim
= h
sin—
h h
=].imcas[x+—]-]i.m—2 sh=20==-=0
h—s0 2/ h_, h 2

= lim cos [x+%)><l

h—s 0
=cos(x+0)=cos x [putting h=10]

d .
—(sinx)=cos x
dx

(i1) Let [ (x)=secx

principle. By using first principle of derivative, we have
Sol Let filx)=1log, x £ (x)= lim flx+h) = f(x)
By using first principle of derivative, we have h—o h
frrx]=]mlm f"{x};hmw
x+h 1 1
log (x + h)—log_ x Iagﬂ[ J cos (x +h}|_ CO§ X
= f'(x)= lim —B Ba o fim —— % 7 = lim
b= h =] h h—si h
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) cos x —cos (x+ h)
= lim
k=0 hxcos x-cos (x+ h)

—h)]

[ . [x+x+h) Cdx —x
—2zin -gin
. 2 2
= lim

h—s 1 [ h-cos x-cos(x +h)

[ cos C —cos D =-2sin [

=lm|r—2sin[x+g]-[—smg]]|

ﬁ-’ﬂl h-cos x cos (x +h) J

C‘+D)

o(x+3) :
sin| x +— sin—
= lim —\ 2/ | lim —2
b=t cos (x+h)-cos x ko R
2
Ry o
_ smzz ‘1 T
cos” x -0 0
_sinx 1

COS X COos Xx

(i) Let f(x)=tanx

|

Sm[C—ZD]]

Then, by first principle of derivative, we get

- tan(x + h)—tan x

ipon g Fx+B)—f(x) _ .
e
_l_ysin(x+h)_sinx]

h—0h | cos(x +h) cosx

h

1 'sin( x + h)cos x —sin x cos(x + h)]

cos(x + h)cos x

o sin{x+h—x) ]
=lim—| ——MM8M8
cos(x + h)cos x

[ sin A cos B— cos Asin B = sin{ A — B)]

= T sin h lim 1 = ’fl_lf; - h -
k-0 h k-0 cos(x + h)cos x _ (x+h)2+x2+2[ ‘ (x+h)2—x2J
. 1 —2sin 2 lsm
cos(x +0)cos x % 2
= 1 =sec2x l:... hm ﬂ: ] I—(x+h)-_x ]
cos’ x 60 0 = lim l 2
Hence, f'(x)or di(tanx)=sec2x ey hxm
: . (J\'+h)2-}-x2+22 x* + b + 2xh— x*
EXAMPLE |15| Find the derivative of _— —2¢n s X 5
f(x) = tan(ax + b), by first principle. [NCERT Exemplar] T ko h
Sol. We have, f(x)=tan{ax+b) ((x+h?-x?
By first principle of derivative, we have g sm( 2 ]
o AR =1
f'(x):hhlnow p.l_x,no (x+h)2-xz
= lim tan[a( x + h) + b] — tan(ax + b) .
h—0 h
Get More Learning Materials Here : m @& www.studentbro.in

sinfax + ah+ b) _ sin(ax + b)
= lim coslax +ah+b) cos(ax + b)
h— 1 h
sin{ax + ah + b)cos{ax + b) — sinfax + b)
cos(ax + ah+ b)

= lim
h—b hcos{ax + b)cos(ax + ah + b)
) asin{ah)
= lim

k=0 a-hcos(ax + b)cos(ax + ah+ b)
[ sin Acos B— cos Asin B = sin{ A — B)|
= lim 4 lim sinak
k=0 cos(ax + b)cos{ax + ah+ b) sh =0 gh
[vh— 0 =ah—0]
a [ sin@ _ 1

=————x1 v lim —— =1
cos “(ax + b) |_ LI ¢

=asﬁ:2(¢u +h)

EXAMPLE |16| Differentiate the function cos(x* +1)
by the first principle. [NCERT Exemplar]
Sol. Let f(x)=cos(x* +1)

We know by first principle,

iiox o x4 B)— fx)
f(x)':.h-’.'}»—;.

cos[(x + h)* +1] - cos(x* +1)

f'(x)=hlimo
[ f(x)= cos (x* +1)]
C(x+hPF1+xT 41 (x+ R H1-(xP4))

—2sin sin
= lim - -

WEL)

2 2 2 2
x
2si (x+h) +x +2s‘ (x+h) x

[':cos C —cos D =— 2sin (C 3




2 2
—-2sin I:(x_w;x—”]( 2x + h).g

= lim 5 |
h—0 h

2x* +2

=—2$in( ]x2xx-1—=—2xsin(x3+l)
2

EXAMPLE |17| By using first principle, find the
derivative of function f(x) =sin’ x.
Sol. We have, f(x)=sin’x

By using first principle of derivative,

flx+h)— f(x)

f (x)=hh_x,no n
o 2 PP
. Kiii sin“(x + h)—sin” x
h—=0 h
_ hlim (sin(x + h) — sin x)(sin(x + h) + sin x)
-0

oot

= lim
k=0 h
cosn cC+D C-D
> sinC —sinD = 2cos sin >
and sinC +sinD=Zsin( +Dcos( _ DJ
2 2
sinh
= lim cos(2x+h) 2 % lim Zsin(sz’h)c:osﬁ
h— 0 2 h h— 0 2
2
+
=cos(2x 0)xlx2sin(2x+0)cos0
= cos X X 2sinx X 1=sin2x
SelAS ol sl B 8 £ ~ = - |

EXAMPLE |18 Find the derivative of sin+/x
functions by using first principle.
Sol Let fl{x}:sirnf;
By using first principle of derivative,
ron_ o Jlx+ R = filx)
= i LRI

. :in:!lx+h —sin-.l';
= lim
h— h
h h—
X+ 2+J;]sm[..|‘x+ 2 J;]

st[
= lim

=i (x+h)—x

[rine -anD - 22 2)an( 22

e

ho (fx + by = (Jx)
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: [ x+h—s/;
sin >
= lim x lim cos| ——
h—0 ix-‘-h—.\[; k=0 [

2
x lim :
h—0 :;x+h+3x
ot 1 1 s
=1 =
x cos( x)x«z—‘—/;: —27;'(:05 X

et

EXAMPLE |19] Find the derivative of ~/cos x
Sol. (i) Let f(x)=s/m

By using first principle of derivative,

ipon g [l )= f(x)
f(x)—'{lﬁﬂzf
et .Jcos(x+h)—Jcosx
= lim h
s Jcos(x+h)—Jcosx‘
= o h
(Jcos(x+h)+~/cosx)
X
(,fcos(x+h)+~/cosx)
i cos(x + h)—cos x

10 h(yfcos(x + h) + +/cos x)

- G)

h—o h(Jcos(x + h) + vcos x)
C+D),(C—Dﬂ
sin
2 2

. [2:c+ h]
Sin 2l —
2 —2

- lim x lim
"""I{Jcns{x+h}+«frosx} h—o b

2
) [21]
gin| — .
=——2K1=— sy
ﬂllcos[x} + .Jcos(x) 2Jeos x

EXAMPLE |20| Find the derivative of x sin x from first

2x +

—Zsin(

[ cosC—cosD= —2sin(

principle. [NCERT]
Sol We have, fix)= xsinx
By using first principle of derivative,
i ov_ v flx+hy— f(x)
o= tm =
. N _ . lx+ hjsin{x + h) — xsin x
s fllx)= k]:_r’nn =
m @& www.studentbro.in



= lim (x + h)[sin x-cos h + cos x-sinh] — xsin x
h—0 h
[ sin(A + B) = sin A cos B+ cos Asin B]

xsinx-cosh+ x-cos x-sinh+ hsinx-cos h
+ hcos x-sinh— xsin x

= lim [
h—0 h

+ h(sinx-cos h+ cos x-sinh)
h—0 h

[xsinx(cosh—l)+x~cos x-sinh ]
= lim

. xsinx(cosh—1) v sinh
=lim ——————— + lim x-cos x-—
h—0 h—=0 h

. h(sinx-cos h+ cos x-sinh)
+ lim
k-0 h

[—(l-—cosh)] + x-cos x(1) +sinx

= xsinx lim
k=0 h

2 h
2sin” —
2

=—xsinx- lim X =+ X oS X +sin x

=0 hx—
: 4

_hY
sin—
. 2.1 2 .
=—x-sinx-— lim |—=| xh+ xcos x +sin x
4£—o0 ﬁ
. 2
=—xsinx-l(l)x0+x-cosx+sinx [ lim-s—lﬂg=l]
2 o0 O

= XCOS X +S8inx

EXAMPLE |21| Differentiate e¥*"* from first principles.

Sol. Let flx)= V==
Then, f(x+h)=eVaux+h

d _ o flx+h)- fix)
E(f{x“-r!]-ﬂ—h

Janixh) _ sy
d . —e
E{f{ﬂ}=lﬂf

[ pantxshy—ian _ |

d o ofanr
R

[ Aowmdmr

ﬂi{_ﬂr}l}=e‘“"']m Jtan{f+ﬁ}—ﬂrtanx
dx h—0 xulnm_m

h—s1 h

:,i{_ﬁﬂ};.g‘“' 1 3 lim F2PAX + h)— tan x
dr h—s h
1

" Jtan{x +h}+1"13.nx

Get More Learning Materials Here : &

c=x

= %(f(x)):e“““th sink
X

k-0 hcos(x + h)cos x
1

than(x+h) ++/tanx

d g = 1 1
e N e
d eJunx 3
S N e

| TOPIC PRACTICE 5 |

OBJECTIVE TYPE QUESTIONS

1 Let fis areal valued function and a is a point in

its domain of definition, then the derivative of f
atais defined by

(a) lim M (b) lim fla)= f(a+ h)
h=s0 h hws0 h

: . h

(c) h"_.moh fla+ h)= f(a) (d) '}T})m

2 If y= f(x)is the function, then derivative of f at
any x is denoted by
(a) f'(x)
(¢) D(f(x))

3 The derivative of f(x)=3atx=0andatx=3
are
(a) negative
(c) different

dy

b) ==

(b)

(d) All of these

(b) zero
(d) not defined

SHORT ANSWER Type [ Questions

4 Find the derivative of f(x) = ax? + bx + ¢, where
a, b and ¢ are non-zero constant, by first

principle. [NCERT Exemplar]
5 Find the derivative of x* — 2 at x =10 from first
principle.
6 By using first principle, find the derivative of
99x at x = 100. [NCERT)]

SHORT ANSWER Type II Questions

Directions (Q. Nos. 7-36) Find the derivative of the
following functions from first principle.

7 &-27 gl
x*
9 Ji-x 10 22
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i

13
15
17
19

2

23
25

27
29
3

33
35
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(x* +1)(x - 5) 12 E;:j
e 14 a*
log x? 16 log(x + k)
cosx 18 cosec x
cotx 20 sin(x+1)
cas[.t - E) 22 sin(2Zx - 3)
cosy/x 24 secfx
tanx 26 sin(x” +1)
tan(x? +1) 28 Sinx

X
cos’x 30 xcosx
xtanx 32 xsecx
xe* 34 eleorx
evseex 36 (sinx — cosx)

| HINTS & ANSWERS |

{a) If f is a real valued function and g is g point in its
domain of definition, the derivative of f atais

defined b]rnlimaw provided this limit exists.

(d) There are different notations to denote the derivative

of a function. Sometimes f*(x) is denoted by %{f{x}l}l

or if y= f(x), it is denoted by ? . This is referred to as
x

derivative of fi{x)or ywith respect to x. It is also denoted

by D( f(x))

(b) f’{u}=ﬁuﬂw= lim 3=3

h h—=0 }

[G+h - 1)
h

=0

Similarly, f*(3)= lim
h—

a

= UME=U
h—=s0o h
f_,{r)=lm‘afx+j‘l]2+b{x+h}+c—ar“ —bx—c
h—i h
Ans. b+ 2ax

[(10+ h)* — 2] - [(10)* - 2)
h

99(x + h)—99x

h

Ans. 20

fao=m

f’(x)=£i.m Ans, 99
— 0

7. fa)=

8. fix)=li

5. fta)= i,

1L

12,

13.

14.

c=x

[(x + by —27] —(x* — 27)
h

[+ flx)= x* - 27]
b B + 3xh{x + h)

4 3
= lim (x+h) —x -
h—0 h

h— i
= h{h* +3x(x + h)]
h— h
1 _ 1
() = ' —(x+h)°
o

Ans. 3x°

= lim
b0 (x + b)Y x*h

I
o —[x* + B +3xhx + R
(x+h xR
—h[h* +3,¢;¢ x:+ ) ]
(x+hyx"h x*
Ji—(x+h) - Ji-x
h
4 —(x+h) — fa4 - x)
o —(x+h) + 4 - x}
hiyfa = (x + h) + 4 — x}

= lim
b=l

= lim
k=0

d .
= ()= im

=1

Ans. T4 —

(x + R)*P - x“”]

f'fr*=PLIz[ ;

213 213
= Hm [u] Ans, 21
x+b)=s x| (x+h)—x
((x+hP +1x+h=5—(x"+1)(x—5)

f(=)= fim p
Ans.3x" —10x +1
Fix)= im i@z +h+b ax+b]
ﬁ—mﬁlcl{x +h)+d ex+d
_ ]_lml[{ax +ah+ b){ex + d) —(ax + b)ex + ch+ d}]
fe(x + h)+ d){{ex + d)

h—0 iy

ol adh — bch 1 ad — bc
= lim —| 5. -
k—mhl_{:{:c+h}+d|{cx +d]J (cx +d)*
x+ 2h _E!:
f{x)=lim
h—a
Iy Tk
= |1|an 2
=0 2h
Ans, 2¢**
2x + k) _az:-
f{x)=lim
h— i
xg  Eh
=limZ (a ”xz Ans. 22" loga
h—sil 2
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2 2
5. f(x)mlimDEETR) —logx
h—0 h

21 h) - 21
», og(x + h) og x

=1l
=0 h
2log {1 + -’1] : >
= lim X % — Ans.—
h—0 h X x
7
6. f'(x)=lim log(x + k + h)— log(x + k)
h—0 h
h
log{1 + o
= lim h <2 Ans. 1
h—0 (x+k) x+k
(x+k)
7. f'(x)=lim cos(x + h)— cos x
h—0 h
i (x+h+x). (x+h—x)
—2sin sin
g 2 2
= lim
h—0 h
sinﬁ
=lim{-sin(2x—+h-)} —2% Ans.—sinx
h—0 2 h
2
cosec (x + h) — cosec x

18. ¥ (x)=}|-x'rz T

. . A 2cos [:c + i)sin[—i)
_ ]jmsmx—mn{x+ ) _ lim 2 2

= hsin xsin(x + h) T e sin xsin(x + h)h
Ans. — cosec xcotx

19. f'(x)= Eﬁw

sin x cos (x + h) —sin{x + h)cos x

= f{x}l:'!m hsin(x + h)sin x
_ sin(—h)
=Y hsin( x + h)sin x
Ans. —cosec’x
sinfx+h+1)—sin{x +1)
h

[x+h+1+x+1J ) [x+h+1—x—1J
2cos sin

2 2
= lim
h—) h

2x+h+2 _ h
378“15

200 f'(x)= I']‘.m%.

2eo

= lim
h

h— 0 2w
2

T T
cos [:c +h—- —)— cns[:c - —]
2 f(x)=lim E‘h g

Ans. cos(x +1)
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22.

23.

24.

25.

c=x

n R 14 T
X+h——+x—— X+h———x+—
—2sin 8 8 | sin 8
2 2
= lim
h—0 h
2x—2{%)+h A
—25in| = sin —
2 2
= lim Ans. —sin(x—ﬁ]
h—0 2X£ 8
2
2cos(2x —3)
f’(x)=h‘mc°s ¥+ h—cosx
h—0 h
_Zsin[,lxi»h+~/;}sm(,’x+h—-\/;]
2 2
= lim
h—s0 (x+h)—x
_zsm[@ [@J
= lim x lim
h—0 (Jx+h+J;) k=0 Jx+h—\/;
2
o __l_sinw/;_
2 Jx
s . sec x + h — secafx
O
= iy SOS VX —cos x+h
h—0 hcos«.lr;cos.,fx+h
. [J;+..|'x+h} ) [-JT—,,‘x+h]
—2zin sin|
. 2 2
= I
-0 {{x+h}—x}cos-j;cos.,fx+h
_zﬂn[ﬂ+ﬁx+hJ
2
= lim
k—:ﬂ{.ulrx+h+u";}ms~.f;msqjx+h
_ [J?—,,l'x+h]
sin| ————
2
» lim
k-0 {:Jx+h—;x}
Ans.secxtanx
2]1
sina/x + h _sin—uf;
ms.“llx+h casﬂ
¥ =|.i.
fi(x)= Jim h
_Iimsin r+h-cas-}r;—sin-\f;-cas..||r+h
" b0 h-cns,fx+hmsqf;
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- lim sinf.fx + —-J_} 1||Jr+ —'J-
k—tﬂhmsﬂ ms.fx+h IiJ'-'"' _J_
1 % 1i sm{.,f'x-r er_}
.Jx+h ﬂ.l”_

Ny
h

= lim
f'"“msﬂ-cas{x+h *

» lim
k—=a

sec? J;

Ans.

2x
_ 30.
2. f {x}— i sm{{x-l h} +1)—sin{x® +1)
D h
2 2 2 2
:z.:as[“”] +x +2Jsj“[{x+h] —x ]
2 2
lim
h— h
2 2z
= lim 2 s[ZJr +h +2hr+2]
=0 2
sm[h[h-} zx}J
% lim ——2 L% lim(h+ 2x)
h—sa hih+ 2x) h—s 0
Ans. Zxcos(x” +1)
2 2
27. f(x)= lim tan((x + k) +:l] tan{x” +1)
rsinf{r + hY +1)cos{x* +1) — cos({x + h)* + 1]] 3.
_ sin{x® +1)
= lim
h=0 h-cos{{ x + hy* +1)cos(x* +1)
. 2 2
= lim sm[[x+h}_ ti-x __]} Ans. 2xsec’ (x* +1)
h— 0 heos({ x +h)* +1)cos(x* +1)
sinf x + h}_sinr
TP x+h X
28. {X}-kh—r,nu—ﬁ
= lim x[sin(x + h) —sinx] — hsinx
h— o h-x(x +h) .
i o 32.
[x+h+x) _[x-rh—x]] .
x| 2-cos -8in — hsin x
) 2 2 33.
= lim —
h— o h-x{x+h)
x Z-SinE-cos[x +£]j|—hsinx
2 2
= lim —
h— o h-x(x +h)
sin[ EJ COS [x + E] 3.
. 2 , 2 sin x
= lim - lim — lim
LI [2] k=0 (x+h) h— o x{x + h) 35
> .
Ans. COsS X SNy 36.
x x
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29. f(x)=lim
h— i

c=x

cos®(x +h)—cos® x

h

[cos{x + h) — cos x]

= lim(cos(x + h) + cos x) lim
h—+1 k=0 h

ol 3al3)
2gin| x + = |sin| =
= 2cos x lim — 2 2

h— h

Ans. —sin2x

ffix)= ']‘jn}%l{f + h)cos{x + h) — x cos x]

= Ii.m% [xfcos(x + h)— cos x} + hoos(x + h)]
=0
+h)  h ]
= lim —l {—2 sin—} + hcos{x + h}J
h—0 2
sin—
= lim —2Jrsm[_t + ]— + cos(x + h)
h—ﬂll
. h
sin—

=—2rlimsin[x+£)lim 2.l+ lim cos(x + h)
h—s0

k=i h—0

Ans. cos x — xsinx
[{x + htan(x + h) — xtan x|

X
frix)= =
= lim x[ranfx + h)— tan x|+ htan(x + h)
h—@ h
= lim x[sin{x + h)cos x — cos(x + h)sin x]
h—0 hcos{x + h)cos x
+ lim tan({x + h)
. sinh i
= xlim m——+ tan x

h—ocos(x + hjcos x k=0

Ans. xsec’ x + tan x

secx + xsecxtan x

x+h x+h

Iim{:ce —xe” )+ he
h—1 h

i
e —1
=re"'li.m[ ]+ lime* *+®
h— h h—
Ans. (x +1)e”
-\h:l:ﬂ:l'

- cosec  x
23 cotx

=

e
—J— secx tan x
2

COs X +sin x.
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| TOPIC 6|

Algebra of Derivative of Functions

Let £ and g be two functions such that their derivatives are
defined in a common domain. Then,

(i) Derivative of sum of two functions is sum of the
derivatives of the functions.

% [f(x)+ g(x)]= %f(xH % g(x)

(i1) Derivative of difference of two functions is difference
of the derivatives of the functions.

d d d
Z[f(x)-g(x)]—zf(x)-zg(ﬂ

(iii) Derivative of product of two functions is given by
the following product rule.

d d d
=1 lf(x)-g(x)l—f(x)zg(x)'f g(x)zf(x)
This is also known as Leibniz product rule of

derivative.

(iv) Derivative of quotient of two functions is given by
the following quotient rule.

d d
i[f(")]_ g(x)zf(x)-f(x)zg(x)

s - ,g(x)#0

glx) (g(x))?

Note

%[c-f(x)]-c%!(x)

Some Important Theorems
Theorem 1 Derivative of f(x) = x" isnx"™ for any positive
integer n.

Note

The above theorem is true for all powers of x i.e. n can be any real
number.

Theorem 2 Derivative of Polynomial Functions

Let f{x}:ﬂnx"+dn_L.r"_l +..tax+a,

be a pulynumial function, where ﬂ‘-’s are all real numbers
and a, #0.

Then, the derivative funcrion is given by
d
I[_f{x}] =Jm',,x"_l +(n= ]}'I.':ﬂ,_pc'"'_2 + ..+ 2a.x+ a4

Proof By definition of first principle of derivative, we have

von v fleth)=fle)  (x+h)" =x"
f{x]_}:—r:"n h _il—Tu h

L..l1)

Get More Learning Materials Here: o m

By binomial theorem, we have
(x+h)" ="Cox" + "Cx" b+ "Cox" b + ..+ "C h"
-1 )
= (x+h)" =x" + nbx"" + %hzx"" +.+h"

n(n=1)

= (x+h)" =x" =nhx"" + SVt Ry 1

On putting this value in Eq. (i), we get

-1, 5 ,_
PR el R0 Y

h
nln=1)

f'(X)=},i_rn)

bl " + > " 4+ /)'-I]
= lim
h—0 h
-1 .
= lim "' el Rl PR
h—=0 2

n-1
=nx

Hence, f(x) or %f(x) =m" !,

EXAMPLE |1| Differentiate 2x* - 4x° + 6x +8
w.r.t. x.
Sol. Let y=2x*—-4x” +6x+8
On differentiating both sides w.r.t. x, we get

‘_i!.-.- —d-(Zx’ —4x® +6x +8)
dx dx

T DU S IS WU DO 1
-Zz(x ) 4dx(x )+6dx(x)+dx(8)
=2(3x%) —4(2x) + 6(1) + 0 [ i(x")= nx""]

dx
=6x" —8x+6

EXAMPLE |2| Find the derivative of
f)=1+x+x" +x  +..+x atx=1

[NCERT]
Sol. Given, f(x)=1+x+x" +x + . +x"
On differentiating both sides w.r.t. x, we get
FAx)=0+1+2x +3x" + _ +50x™
Atx =1,
Fra)y =1+ 2(1)+3(1)° + ... +50(1)*
=1+2+3+...+50
=M=12?5 [ EH=M-I
2 | 2 )
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EXAMPLE 3| Ifu=7t* - 2t* -8t -5, then find %
att =2
Sol. We have,u=7t" - 2r* -8t -5

On differentiating both sides w.r.t. t, we get
d d
d—"'=d—[w‘ —2¢* —8t—3)
r I

=7(4t*) - 2(36*) - 8(1) -0 [ %{x" )= nx"“]

=28t  —6t' -8

Now, [E] =282 —6(2) -8
dt ), _.

=224—-24-8=192

EXAMPLE |4| For the function
100 2
X X x
=t — .+ —+x+1
) 100 99 2 *

Prove that f'(1) = 1001’ (0). [NCERT)
108 L 2
Sol Given, f(x}=x_+x_+___+x_+x+1
o 99 2
s 100x™  99x™
= STt e

[if f{x)= x", then f'(x)=nx"""]

2x
+...+T+1+ﬂ

= Fley=x™ +x®+ 4+ x+1 i)
On putting x =1, we get
F=m"+0™+  +141= 14141 +1+1
104 fimes
= f(1)y=100 ..ii)
Again, putting x =0, we get
flio)y=0+0+..+0+1

= fFoy=1 .- (i)
From Eqs. (i) and (iii), f*(1)=100f"(0) Hence proved.

EXAMPLE |5| Differentiate the following functions

W.LL. x.

(i) [x + %]

(ii) {ax + b)(ex + d)?

3

(i) p e+

ot h) [NCERT]

3
1 1 1 1

Sol (i) Lety:[x+—] = I — 3 X —

x X X x

[ {A+B}=A"+342B+3AB* + BY)

3 1

=t e —

X Ig

Get More Learning Materials Here : &

c=x

On differentiating both sides w.r.t. x, we get
d d d {3y d d 1
& —{x3}+—[—]+—{3r] +—[—]
dx  dx delx) dx dx | x*
= 3x2+ii{x"}|+3x1+ifx‘3}
dx dx

-3 3
=i+ —+3-—
X X

(i) Let y = (ax +b) (cx + d)*
On differentiating both sides w.r.t. x, we get

d}" d F] 2d
—=lax+b)—(cx+d)" +{ex +d) —(ax+ b
" ( }dxf )+ }drf )

[using product rule of derivative]
=(ax +b) i{c*f +d* + 2exd)
dx
+{ex +d) (ax1+0)
[“(A+B)Y®=A*+24B+ B
=(ax +b)(c® (2x)+ 0+ 2c 1% d)
+{ex +dY xa
=(ax + b)(2c*x + 2cd) + a(ex + d)*
= (ax + b) 2¢ (ex + d) + alex + d)°
=(cx +d)[2c (ax + b) + alcx + d)]

= (cx + d)(2acx + 2be + acx + ad)
= (ex + d)(3acx + 2be + ad)

pxl vgx+r

(iii) Let y= x+5)

On differentiating both sides w.r.t. x, we get

[fax +b]i{px"! +qgx +r) ]
dx

2 d
ﬂ=[ —(px +qr+r}|E{ax+b)J

dx {ax + b)*
| by quotient rule|
_{ar+b}{2px+q+ﬂ]—fprz +qgx +r){ax1+0)
- (ax + by’
_lax + b)(2px +q}—{p12 +gx+r)a
- (ax + b)
_ {Zapr2 +aqx + 2bpx + bq}—{ap12 + aqx + ra)
N (ax + b)?
_ Zapx® + aqx + 2bpx + bg — apx” — agx —ra
- (ax + by’
dy_apx2 +2bpx + bg —ra
dx (ax + b)?
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3 1f . X a0 x* LONG ANSWER Type Questions

y=l+F+—+—+...+—', then the value of
n!

21 3! o <
dv pa” i1 Find the derivative of X=2(:-2
-l—y+—is (x—-3)(x-4)
dx n!
(a) 0 (b)n 12 If f(x)=1-x+x*-x*+.. —x"+ x", then find f*(1).
(c) 2n (d) None of these

13 If f(x)=x""%+x" 4 _+x+] then find f'(1).
4 If a, b are fixed non-zero constants, then the

e 5 b [NCERT Exemplar]
derivative of — — —is ma + nb, where
v xt
- 3 —_ -2
@ meas’n= | HINTS & ANSWERS |
®) m="2n=2
X X I. (b) We have, f(x)=a,  x" +a,__ X"~ ' +...+a,x +a, be
—d =2 n n—1 1 0
(c) m= ;g-," - 20 a polynomial function, where g;'s are real numbers and
2 a, #0.
(d) m=4x®,n= = Then, the derivative function is given by
df( x) n—-1 n—-2
o . =na, x +(n—-1)a, _x " +..+2a,x+a
VERY SHORT ANSWER Type Questions R =1 Sl
5 Find the derivative of 2x*+X. |[NCERT Exemplar] 2. (b)Let y= xx :Z
6 Find f’(x), if f(X)=(X—2)2(ZX—3). Differentiating y w.r.t. x, we get
7 For some constants a and b, find the derivative di (x— a)di( X" =d")—-(x"-ad" )%(x -a)
of the following functions. Fom = 7
(Each part carries 1 mark) J (x—a)
(i) (x-a)(x-b) (ii) (ax?+b)? _(x—a)[nx""" —0]-(x" —a")(1-0)
- X—a ?
(i) =2 1y O . (x=a)
x-b ax” +bx +c¢ _nx"—anx"" - x"+d"
D v s.s . . .o P P . PN .. (1-0)2
& Find the derivative of the following functions. o
(Each part carries 1 mark) 3. (a) We have,
(i) et (i) x4l . o .- "1 xm
= i R T T TR TR TR
3 . -4 -5
(iii) (5x +3xz—l}l:.r—]} (iv) x7H(3-4x7") Cdy_ 1 +2_:c E . "t , _:c_"
(v) 22X Ta 1oz o3t T n!
x+1 3x-1 [NCERT] dy -
N 3x+4 = —=—y+—=0
(vi) ———— dx n!
5x"-Tx+9 [NCERT Exemplar] a b
_ 4. (lety=—-—
SHORT ANSWER Type Questions o
' d = y=ax -
9 Ir}'=‘J-?+:I,';- then find d__{ atx=L Differentiating y w.rt. x, we get
[NCERT Exemplar] d—y=ai{x"}—bi{x'2}
1 dx dx dx
1+—
2 4 2b d . . e
10 1fy= xl ,then ﬁnd:x—y_ =—?ﬂ+—3 [‘-'—(1 )=nx ]}
X
1-—
xt [NCERT Exemplar] 5 sx'41
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6. flx)=2x"—11x" +20x-12 55—15x" —40x

Ans.ﬁ
Ans. 6x° —22x+20 (5x*—T7x+9)
7. (i) Let f(x)=(x—a)(x~b) 9. ﬂ;%_‘_m Ans. 0
= x*—(a+b)x+ab de  24x  2x
2
Ans. 2x—a-b 10. y=r2+1 Ans, — —>

T —
. -1 1oy
(ii) Let f(x)=(ax® +b)* = a’x* +b* + 2abx* * ==

C(x-1)(x-2)  x'-3x+2

Ans. dax{ax® +b 1. Let y= =
{ ) Y x4 ¥ -7x+12
a—b . —{2ax + b) ) e )
(11} by v ﬁ On differentiating both sides w.r.t. x, we get
x—= ax” +bx+c
d .
d (et ex?e1) d . r{x* —Tx+12)—(x* =3x + 20)—(x* = 3x + 2}]
8 (ij)—|—— =_[ 3+r2+r+—] | dx |
dx x dx x df 2 _7x+12)
—(x" —Tx+
dy l dx J
4 3 2 =
ﬁns.gx +2x +x -1 E- " o 3
- X x+12)
2
od (2 x4 B TS - S 1 - A“S'W
(11) o T =x"+x " +x (x—3)(x—4)
. . . 2.  f(x)=0-1+2x-3x"+...—-99x" +100x"
331 51 —3
Ans.Zxt4ox 1-ox 1 = —1+2x—3x% +. —99x" +100x™
(iii) 20x® —15x" +6x—4 s f{1) = —142-3+...-99+100

) ; =(—1-3—-5—...—99)+(2+4+...+100)
V) —(x (3—4x )= (3x~" —4x™ %)
= i = —%{2x1+(50—1]2]+%|2x 2+(50-1)2)

Ans. —12x 7 +36271

=50
-2 3x—2
(v : ]2_H B. flx)=100x"+99x* +  +1+0
x+1 3x-1
_ 0 a
- - =100x"" +99x ™" +,, +1
vi) Le y-m Now, f(1) =100+ 99+...+1
100
; ' = —[2x100+{100-1)(—1)]
Sxt —Tx+9)—(3x+4) — (3x + 4)—{5x° =T x +9
d_y={x x }drl.'x ) —(3x }E{x x+8) 2
dx (5x* —7x+9)* =0
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| TOPIC 7|

Derivative of Trigonometric Functions

To find the derivative of trigpnometric functions, we use
the algebra of derivative and the following formulae

(1) — (sin x) = cos x (11) — (cos x) =—sinx

(iv) — (sec x) =sec x - tan x

dx

(iii) %{tan.t) =sec” x

(v} % (cot x)=— cosecx

(vi) ;{EMEE x) == cosec xcot x

EXAMPLE |1] Differentiate the following functions
w.rt. x.
(i) cos (x + a) iy Anlx+a)
cos Xx
Sol (i) Let y=cos{x+a)
Y=C0s X C0os a—sin xsina
[ eos(A + B) = cos A cos B —sin A sin H|
On differentiating both sides w.r.t. x, we get
dy d ood
—=cos a—(cos x)—sina—(sin x
dx g 08 X)msinag{sing)

= cos a(—sin x)—sina (cos x)
= —cosdsin x—sinacos x = —sin(x+a)
[sin A cos B+ cos Asin B =sin{A + B)]

sin{x+a) _ sin xcos a + cos xsina

(i) Let y =
€Os X cOs X
[ sin{. A+ B) = sin A cos B+ cos Asin B]

SinXcosa C©o0s xsina .
= + = cosatan x +sina

COS X COs X

On differentiating both sides w.r.t. x, we get
dy d d
—_—= tal +—1(si

I cos aE{ nx) ™ (sina)

d d d
ﬁ=cos az(tan x)+;(Sin a)

[ %{consmm) = 0}

1
osecx =
[ cos x]

EXAMPLE |2| Find the derivative of the following
functions. [NCERT]

(i) f(x) = sin’x
(iii) f(x) = (cos® x — sin® x)
Sol. (i) We have, f(x)=sin’x
On differentiating both sides w.r.t. x, we get

= cosasec’ x+0

cosa

cos®x

(ii) f(x)=sin2x

f(x)= i-(sin xsin x)
dx
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c=x

=(sin r}i{sin x )+ (sin x}i[sin x)
dx dx
[using product rule of derivative]

=(cos x)sin x +sin x(cos x)

= 28in X Cos ¥ =sin2x

(ii)) We have, f{x)=sin2x
flx)=2sinxcos x
On differentiating both sides w.r.t. x, we get

= 2] sin x - + o
f(x) [mlixd_t{msx} cosxdr(smx}-‘
[using product rule of derivative)
= 2[sin x-(—sin x) + cos x-cos x|
= 2[—:in2 X+ ms2x]
= 2{(::::32 x—sin® x)=2cos 2x
(iil) We have, _jl"lf:c]l=If|:1:|nszjtr—eu'.l12 x)
f(x)=(cos x—sin x){cos x+sin x)
On differentiating both sides w.r.t. x, we get

f(x)=(cos x —sinx}%[ms x +sinx)+(cos x +sinx)
d .
—(cos x —sinx)
dx

[using product rule of derivative)
=(cos x —sin x)(—sin x + cos x) + (cos x +sinx)
(—sin x — cos x)
=(cos x —sin x)(cos x — sin x) — (cos x + sin x)
(cos x +sin x)
={msx—s1'nx}2 —{cosx+sin:c}2
=(cos® x +sin® x — 2sinxcos x) — (cos® x +sin® x
+ 2sin x cos x)
= — 28in x cos X — 25in x cos x
=—35in2x —sin2x = — 2sin 2x

= —2sin x cos X — 2sin x cos x
= —sin 2x —sin 2x = — 2sin 2x

EXAMPLE |3| Find the derivative of following
functions.
(i) x? cos x (ii) x° secx (iii) x* tan x

() First, consider the given function as y. Then, use product
rule of derivative to get the result.

Sol. (i) Let y=x?cos x
On differentiating both sides w.r.t. x, we get

dy d 2 2 d d 2
——=—(X Cos X)= X" —(cos x)+cos x—(Xx
dx dx ) dx( ) dx( )

[using product rule of derivative|
= x*(—sin x)+cos x(2x) = 2x cos x—x’sinx
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(ii) Let y = x*secx
On di.l't'erentiating both sides w.r.t. x, we get

dy =x —{s;etx]+setr—{r )
dx dx
[using pmdutt rule of derivative]

= x”-secx tan x + secx(2x)
(iii) Let y=x"tanx
On differentiating both sides w.r.t. x, we get
dy

e = rzi{tanr]+tanr %{xa}

[using product rule of derivative]

= xsec’x + tanx (2x)

EXAMPLE 4] Find the derivative of ~*+ 250X
3x +Tcosx
4x +5gin x [NCERT)]

Sol Let f(x)=

3x+Tcosx
On differentiating both sides w.r.t. x, we get

[{3x+?ms x}diidx +55i.n.t}—{4r+ﬁsinx}-|
X

{ xdi[31+7msx} J

x
(3x +7 cos :c]-2

[ d
|- dx g{x} [g{x}]

_(3x +7cos x)(4+ 5 cos x) —(4x + 5sin x) [3 + 7(=sin x)
(3x + 7 cos x)°

flx)=

——

—

-(]2x+15r-cosr+ 28-cos x + 35 mszx] 1

—{12x — 28x-sin x + 15sin x —5%5sin” x]J

(3x + Teos ¥)°

_35l{si.nzr+ cnszx}+ 28x -sin x +15:c-msx]

+ 28cos x —15sin x

(3x +7cos .'vr}'l2

_ 35+ 28xsin x +15x-cos x —15sin ¥ + 28 cos ¥

{3x + cos x)*

EXAMPLE |5| Differentiate (x + sec x)-(x — tanx)

w.rLt. x. [NCERT)
Sol. We have,

On differentiating both sides w.r.t. x, we get
d
—y——[_{r + sec x){x — tan x)]

de  dx

y={x+sec x){x — tan x)

=(x+sec x}-—{x —tan x)+(x —tan x}i(x+ser: x)
dx dx

[using product rule of derivative]

=(x + sec x}l{i—seczx} +{x — tan x){1 + sec x-tan x)
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c=x

EXAMPLE |6| Differentiate the following functions
W.L.t. x.

X X
i) 1-2sin* = i) 2e08® = —1
(i) > (ii) >

(ii) 3 sin% -4 sin1§ (iv) gloge sa (v) log, e

Sol (i) Let y=1—-2sin’Z
2

[ ecosM=1— Zs'mzﬂ_]
On differentiating both sides w.r.t. x, we get
dy
dx

= y=cosx

—{ms xX)=—sinx
dx
(ii) Let y= stzi -1
2
= y=cosx [+ cos 28 = Zcos 26 — 1]
On differentiating both sides w.r.t. x, we get
dy

—{msx}-—smx
dx dx

i) Let y = 3sin— — 4sin® — =sin3 | =
(iii) Let y n3 sin : sin [3]

[ sin3 = 3sinB — 4sin* 8]

= y=sinx
On differentiating both sides w.r.t. x, we get
dy d .
—=—{zinx)=cosx
dx dx
(iv) Let y = g*8esinx
=, y=sinx l‘.'rh“‘”ﬂ:_ﬂx}l]
On differentiating both side w.r.t. x, we get
d}r —{sm x)=cos x
dx dx

(v) Let y=log_e

» logm"® = nlogmand log e =1
= y=cosx

~log 6™ = cos xlog,e = cos x
On differentiating both sides w.r.t. x, we get

ﬂ-—I{r:mu.'}-—sm.vc
dy dx

EXAMPLE
w.LL. X.

|7| Differentiate (ax® +sin x)(p +g cos x)

Sol Let y=(ax"+sinx){p+gcos x)
On differentiating both sides w.r.t. x, we get

d
—:'II=I{.::|'.:r2 +sinx)—I( p+gcos x)
dx dx d
2 P
+ip+ — +
(p qcosr}dx{.ru sinx)

[using product rule of derivative]
= {arz +sin x)(0—gsin x)+ ( p+qcos x ) 2ax +cos x)

= —qsi.nx{ar2+s|'.n x)+(p +qcos x) (2ax+cos x)
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EXAMPLE 8] If y = [-—%52%
1+ cos2x

E[ﬂ,g]u[g, r:), then ﬁnd%

fl —cos 2x _ 2sin® x
Sol We have, y= =+tan’x
y= 1;1 + cos Zx Zeos? x

r cos 20 =1— 2sin’@ = 2sin’0 =1 — cos Zﬂand]

cos 28 =2cos’0B—1= 2cos*B=1+cos28

n I
= y = |tan x|, where IE[& EJU[EN]

tan x, XE [Il EJ
2

Now, y=
—tanx, xe€ [1 1':]
2
I sec? x, jfxE[U.E]
dy _ 2
dx

I
—sec’x, ifxe [E 1:)

EXAMPLE |9| Find the derivative of the following

functions.
.. SN X + COS X ... Secx + tan x
(i) ——— (il) ————
SINX —COS X secx —tan x
[NCERT; NCERT Exemplar]

-~ First, consider the given function as f{x). Then, use
quotient rule of derivative to find the required derivative.

Sol Let ﬂ-"]=w
SINX —COsS X

On differentiating both sides w.r.t. x, we get

[{s'mx — Cc0os r]%l{sinr + cos x) W

{— (sin x + cos x) i{sh:uu.' — C08 x]J
dx

fx)=

(sin x — msx}z

|...i(f(x)} 8x) o

&(x)

f(x)-f(x)—g(x)
[g(x))?

(sin x — cos x)[%(smx)+-£—-(cos x)] }

—(sin x + cos x) [—(sm x)— —(cos x)

(sin x — cos x)
(sin x — cos x)(cos x —sinx) — (sin x + cos x)

(cos x +sinx)

(sin x — cos x)*
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c=x

[ i (sinx)=cos x a.nldi {cos x)=— sinx}
I dx

_ —isinx —cos r}z —(sin x + cos r]2

(sin x — cos x)°
_ r{sinx — CO8 1]2 +(sin x + cos x}ﬂ
l (sinx — cos 1}2 J

[—{xinzx +cos® x — 2sin xcos x +sin” x ]

+ cos® x + Zsin x cos x)

(sin x — cos sz

_—2{3.in21+c0s21}_ -2

(sin x — cos r}z (sin x — cos _'r}2

[ sin’@+ cos*B=1]

1 sinxy
+ .
(ii) Let y 5ecx+1:m_r COSX COSX _ 1+sinx
" secx—tanx 1 _ sinx 1—sin x
COS X COSX

On differentiating both sides w.rt x, we get

dy d [secx+tanx]_ d 1+s.inxJ
dx\1—sinx

dy dx\secx —tanx

(1 —ﬂnx}i[l +sinx)—(1 +3inx}%{l —sinx)

{1—sin x)*
[using quotient rule of derivative]
_ (1 —sinx)(0+ cos x) — (1 + sin x) (0 — cos x)

1 —=l?.in)::|2
2cos x

- (1 —xirur:l2

EXAMPLE |10] If y = {%} then show that
X

dy -2

dx  1+sin2x

Sol. We have.y=l_tmx
1+tanx

On differentiating both sides w.r.t. x, we get

d d
(I+tanx)-—(1—tanx)—(1—tanx)-—(1+tan x
dy - dx dx ‘

dx (1+ tan x)*
[using quotient rule of derivative]

_ (1+tan x)(—sec® x)—(1- tan x)(sec? x)

(1+tan x)*
_ —2sec’ x _ -2
N _(coszx)(l+tanzx+2[anx)
-2 =2
+25ix\x}-(1+Siﬂzx)

(l+lanx)2

sin® x

cos’x cosx

(cos? x) {l +

Hence proved.
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TOPIC PRACTICE 7

OBJECTIVE TYPE QUESTIONS
secx —1 is p

1 The derivative of 5
secx +1  (secx +1)

, where p

is equal to
(a) 2secxtanx
{c) 2cosecxcotx

(b) 2sinxtanx
(d) 2cosxcotx

2 Ifa, pand q are fixed non-zero constants, then
the derivative of (ax” + sin x) (p + qecosx)is
Alax? + sinx) + B(p + gcosx), where A and B

respectively are
(a) =—gsinx, 2ax + cosx (b) 2ax + cosx, —gsinx
(c) 2ax =cosx, gsinx (d) gsinx, 2ax - cosx

3 Ifthe derivative of (x + cosx) (x — tanx) is

Alx +cosx) + B (x —tanx), then A and B

respectively are
{a) tan®x,1=sinx (b) =tan®x,1=sinx

(d) - tan?x, sinx -1

X°cos| —
4.
is

4 The derivative of ————*
siny

{c) tan®x, sinx -1

xsin [1] [25inx + xcosx]
(a) 4

sin’ x

Iccs{i][?sinx = xcos x|
(b) 4

sin® x

xsin (E][Zsinx = xcos x|
4

(<)

cnslx

xcos[%] [2sinx + xcosx|

(d)

CDEEI

5 If f(x) = xsinx, then f‘[%Jis equal to

a) O b) 1 (c) =1 (d) 1/2

VERY SHORT ANSWER Type Questions

6 Find the derivative of the following functions.
(Each part carries 1 mark)
(i) sinxcosx
(ii) S5secx + 4cosx
(iii) 3cotx + 5cosec x
(iv) S5sinx + 6cosx + 7

(v) 2tanx — Tsecx [NCERT]
(vi) cosecxcotx (vii) (secx —1)(secx +1)
(viii) (ax® + cotx)(p+ gcosx) [NCERT Exemplar]

(ix) (x* + 1)cosx (x) sin(x +a)
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c=x

SHORT ANSWER Type [ Questions

7 Find the derivative of the following functions.
{Each part carries 2 marks)

(i) (x + cosx)(x - tanx) (ii)x*(5sinx - 3cosx)

(iii) 1+:mx (iv) (3x+5)(1+tanx)
(v) x°-cosx (vi) a+bsinxy
sinx c+deosx
(vii) 1{:0.51 (viii) cos{x-a)
+sinx COSX

i 9) dy
8 1fy=00*9) venfind 2 at x=o0.
¥ cosxy entin dx atx
l-cosx

9 Find the derivative of ———,
l+cosx

SHORT ANSWER Type Il Questions
10 Ify= sinx+cosx

- , then ﬁndd—y at x=0.
sinx—cosx

[NCERT Exemplar]
11 Find the derivative of x*sin x+cos 2x.

12 Find the derivative of the following functions.
(i) Xtanx (i) sinx—xcosx

(sec x+tanx) xsinx+cosx

| HINTS & ANSWERS |

secxy —1
1. Let y=
(o) Let y secx +1
d d
dy I,‘secx+1]d—{secx—l}—[sec:c—1]—{secx+l]
Then —= -
dx {secx +1)°
_ 2gecxtanx
v[sn:_=¢:_'r+1}2

2. (a)Llety =[a.u:2 +sinx)(p + g cos x), then

by product rule

d_y=—qsi.nx{ax"! +sinx)+(p + gcos x){2ax + cos x)
x
3. (b)Let y =(x + cos x)(x — tan x), then
dy d d
— =(x +cos x)—(x—tan x) +(x — tan x)—( x + cos x)
dx dx dx
=—(x+ cos x) ran2x+{x— tan x) (1 —sin x)
[ sec’ x —tan® x = 1]
x* ms[EJ
4. (b)Let y=— 2/
sin x
(=)
= y=|cos—|—
4 Jsinx
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(by quotient rule)

L
X COS I[Esin X — XC0s x)

sin® x
5. (b)Clearly f'(x)= xcos x+sinx
f'[E] =LcosZisinE=
2 2 2 2

6. (i) cos2x
(iii) =3 cosec® x—5cosecx cotx

(1i) 5sec x tan x—4sin x
(iv) Scos x +6sin x

(v) 2sec’ x—T7sec xtan x (wvi) —cosec® x—cot® xcosec x
(vii) (secx —1)(sec x +1) =sec’ x—1=tan’ x
=tanx-tanx Ans. 2tan xsec® x
(wiii) Let y={arz+cotx}l[p+qtas x)
d}-‘ 3 d
Then, — ={ax” +cotx)—(p+gcos x)
dx dx pre
+{p+qmsx}%{arz+mtr}
=—qsi.nx{ax2+mtx}|+{p + g cos x}lfza_x—casecax}l
(ix) —x*sin x—sin x+ 2x cos x
(x) sin{x + a) = sin ¥ cos a+cos ysina Ans. cos(x+a)

ol 2
7. — -
(i) e {(x + cosecx)(x — tanx)"}
d d
_{_t+r:nsx}-E{x—ta.nr]+{r—tanx}-z(r+msx}

Ans. (x+cos x)( —tan® x)+H(x—tan x)(1—sin x)

(i) x*[5xcos x+3xsin x+ 20sin x—12cos x]

(iii) Let y=

1+tan x
On differentiating w.r.t.x, we get

d d
E ) {1+tan x}E{:r]— IE{1+tan1}

dx (1+tan x)*

_ 1+tan x — xsec’ x
{]+t:|.rur}2
(iv) Let y =(3x+5)(1+tan x).
Then dy = d [(3x+5)1+tan x)]
“dx  dx

= {3x+5]i{1+la.nx}+{1+ta.n x}i{ﬂ-x +5)
dx dx

= 3xsec® x +5sec® ¥ +3tan x +3

d [+ —cosx
v) — | ———
dx sin x
. d 5 d .
smx—(xs—cos x)—(x" —cos x)—sin x
dx dx

lfsinJl.'}2
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c=x

_ sin x(5x* +sin x)—(x* — cos x)cos x

sin® x

Sx*sinx—x" cos x+1
sin® x

a+bsin x

(vi) Let y= . Then,

c+dcos x

r{f+ dcos r}%l{d+bsm x)—(a+bsin x)

d_}'=l :—x{r+dtasx] |
dx {c+dmsx}2
_{c+dmsx}(bcasr}—{a+bsinr]{—dxinx}
- {r+dcos.t}2

_ becos x+adsin x+bd

(e +dcnsx]2

{vii)
1+sinx

CO8 X COsa+sin xsina

(wiii) y= = cos a+tan xsina

cos X
2 N
Ans.sec” x-sina

sin (x+9) _ sinx cos9 + cos x sin9

8. Given, y=
cos X Cos x

=tanx cos9+sin 9
d
@ =sec’x cos9 Ans. cos9

9. Use quotient rule of derivative.

2si
Ams, —2IBE_
(1+cos x)
inx+
10. Given, y=w
SN x—Ccos X
[({sin x —cos x){cos x—sin x)—(sin+cos x) |
dy _ (cos x+sinx)
dx (sin x — cos x)°

_ —isinx—cos r]z—l{s'mxh:os _t}2 I

(sin x —cos r]2

d d d
11. —{12 sin x + cos 21}:—{12 sinx) +— (cos 2x)
dx dx

Bl &=~

. d a
{1’2 sinx)+ —(2cos” x—1)
dx

I{xzsinx}-l- ;{stxmsx—ll

X

b

= x"-cos x+sinx 2x
+ Z[msxiimsx}+casxi{casx])—i{l}
dx dx dx

= x" cos x+ 2xsin x — Zsin 2x

xsecx(secx—tan x)+tanx . x*

12, (i) (i)

(secx +tan x)

{xsin x+cos x]2
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SUMMARY

¢ If x = g, then f(x) — |, where [ is a real number, then [ is the limit of the function f(x), i.e. lim f(x) =1
+ The value of f(x), which is dictated by the values of f(x), when x tends to a from the right is called right hand limit of
function f. Thus, LHL = lim_f(x)

+ The value of f(x) which is dictated by the values of f(x), when x tends to a from the left is called left hand limit of
function f. Thus, RHL = lim_f(x)
x=a

. If Iim f(x)= Iim f(x) i.e. LHL =RHL. Then, limit exists and denoted by Iim f(x).
. Algebra of L:mns Let f and g be two real functions with common domam D’ such that hm f(x) and ||m g(x) exist.

Then,
(i) I|m [f(x) +g(x)) = hm f(x) £ Inm g(x) (ii) Inm[cf(x)] =C I|m f(x), where c is a constant.
lim f(x)
() Jim ) - o) = e - i, gl L 2(()) T g "o N gD

+ Limits of Rational Functions |im — = ———— = —

(i) If g(a) 0 and f(a) # 0, then limit does not exist.(ii) If g(a) =0 and f(a) =0, then we can find limit.

n

. J'_’f‘, p :Z =na""" where, n is any positive integer.
+ Limits of Trigonometric Functions
() lim s% =1=lim ta:x () lim ~—<2X _g
¢ Limits of Exponential Function Ilm L— =1
oy Iog 1+ x)

+ Limits of Logarithmic Function Ilm
X

+ Derivative at a Point Suppose f is real valued function and a is a point in its domain. Then, derivative of f ata is

a+h)-fla
defined by " (a) = '!imoﬂT)ﬂ), provided this limit exists.

+ First Principle of Derivative h
If f is a real valued function, then = flx)=F"(x)=1 mﬂM, provided this limit exists.
X

h
+ Algebra of Derivative of Function Let f(x) and g(x) be two functions, then
0] %[f{‘*] +g(x)]= i f{x} k< % aglx) (ii) j—x [f(x) - glx)] = f(x) j—ngxl + glx) % f(x)

d
Q(X} ffxll flx)—g(x)
(i) —[@} dx
dx | glx) [g(x))?
+ Derivative of Polynomial Function If f{x) = x", then j_x fix)=nx""".

+ Derivative of Trigonometric Functions

(i) g (sinx) = cos x (ii) L (cosx) = =sinx (iii) L (tanx) =sec’x  (iv) g (cot x) = = cosec’x
dx dx dx dx
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CHAPTER
PRACTICE

OBJECTIVE TYPE QUESTIONS

|k cosn =
I. Let f(x)={ %2 :and if lim f(x)= f(%}
3 == 3z
 x=3 2
then the value of k is
(a) 3 (b) 4 (c)5 (d) 6
2 .
2 xrf(x)={"z“- *=<1 then
-x--1, x>1

(a) LHL# RHL ,atx =1

(b) LHL=RHL==2 atx=1
(c) LHL=RHL==1atx=1
(d) None of the above

3. 1i 1~|»2+3+2 ...... +n,neNisequalto
e i [NCERT Exemplar]
1 1
0 b) 1 - d) -
(a) (b) (c) 3 (d) 7
4. lim Sas is equal to
20 x+1-4l-x
(a) 2 (b) 0 (c)1 (d) -1
X X
g il =2 =6k, equal to
x=»0  xtanx
(a) log 10 (b) log 5 + log 2~ logl0

(c) (log 5)(log 2) (d) (log 10) (log 5) (log 2)

6. The derivative of the function f(x)=3xatx=2
is
(a) O (b) 1

(c) 2 (d) 3

d | 1 .
7. If—{—} =P where p and g respectively are
dx | f(x)] g

(b) =f(x), {flx))}*
(d) flx), f(x)

(a) f(x), (Fi(x))?
(e) =f"(x) fix)

2
8 If '=H1'”f2 thend—yis
1-1/ dx [NCERT Exemplar]

-4y -4 x

b
{)(x, 7 HI!_
() =X (d) ==
X =1

c=x

9. Which of the following is/are true?

I. The derivative of f(x)=sin2xis
2(cos” x —sin” x).
IL The derivative of g(x)=cotx is - cosec’ x.
(a) Both I and Il are true
(b) Only | is true
(c) Only Il is true

(d) Both I and II are false
ﬁ)_' L k

10. 1fy={12t3021 gD - K inenthe
1+tanx dx 1+sin2x
value of k is
(a)1 (b) 2
(c) -1 (d)-2

VERY SHORT ANSWER Type Questions

1. Evaluate the following.

(Each part carries 1 mark)
() lim X +”3r +2
=1 x2 41

o X3 -2x2—9x + 4
(ii) llm——z-_—_—
x4 x*-2x-8
(i) lim S
x=1 :;x-l
oy (14 x)° =1
iv) lim ————
() £=0 3% + 5x2

x-2

(v) lim
v XP-4+ x-2

. x4+ 27
(vi) lim —_—
i=-3x° + 243

12. Find the positive integer n so that

n n
lim 2 =3" _108
¥x—=3 y—

SHORT ANSWER Type [ Questions
13. Differentiate sin® x w.r.t. x from first principle.

14. For the function f, given by f(x) = x* —6x+8,
prove that f(5)-3f"(2) = f'(8).
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15.

16.

Evaluate the following.
(Each part carries 2 marks)

x—
@) 1m X2 =X
x=»01l-cosx

(i) 1im & —X=1
x=-0 -
Evaluate the following.
(Each part carries 2 marks)
X sinot — o sin x
X-a

(i) lim

X=a

1-cosx cos2x cos3x
sin® 2x

(ii) lim
x-»0

8 2 2 2 2
s X
(iii) lim — |1-cos——cos— + cos—cos—
=0 x 2 4 2 4
. : 3sin x —sin3x
(iv) lim ——
=0 x (cos2x —cos4x)

SHORT ANSWER Type Il Questions

_ 2sin®x +3cosx -1 dy

17. ify - , then find =
sinx

18. If y =asinx+bcosx, show that

2
2 +(%) =a’+b%

| HINTS & ANSWERS |

(d) We have,
lim, f(x)=f(-’25)

X = -
2

k cos x _

== nT—-2x
b

k cos (E— h]
2

= lim ———z=3

(a) Given, f(x)= {

At x =1,
RHL= lim f(x)= lim f(1+h) = lim —(1+h)* -1
1" h—s 0 k-0
(put x =1+h)
=-2
LHL= hm_ f(x)=hli_x,nof(l-—h)

x—=1

(putx=1-h)

= lim (1-h)* -1

h—0
=0
= RHL # LHL

1+2+3+...+n
2

(c) Clearly, lim

sinx

4. (c)Given, lim
r=0 Jx+1-Jl-x
=umsinx(,’x+l+ 1-x )

(x+1)—-(1—-x)

x

1 sinx

- lim lim ,’x +1 +,,l—x
-0 x—’o( )

2x X

-0

sinx _

=—-1

2=1 [ lim

x50 X
10 — 2" —5% +1
x tan x
57 (2" —1)—(2" -1)
xtanx
5 -1 2" -1 X
X X

tan x

5. (c) lim

x>0

= lim
x=0

= lim
x—0 X X
= (log5) (log 2)
6. (d) We have,

f(2+h’:-f(2)= fim 32+ h)—-3(2)

f(2)=hh—{no h—o h

=1 2:3
k=0 h

1 1
7. (b)L = ——— Then, h)=
(b) Let &(x) I en, ¢ (x + h) TR
. d oy O(x+h)—o(x)
g {o(x)}= ;l.’-'ﬁ—;,

1 1

o fath) f(x)
= {0 (x)=lim L2221

=1

]

n
= lim n(n+l)=l ﬁi{¢(x)}=-lim ﬂx+h)—f(x)xlim 1
ppioad 2n2 2 dx h—0 h ,..,of(x)f(x+h)
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d N 1
=:'E'I¢'[x]l = _f {x}xm
=f'(x)

{f(x)

x*+1

d
=='H{¢ (x)}=

8. (a) We have, y=

2
x" -1

. d ., . d

(" —1)—(x" +1)—(x" +1)—(x" —1)

ﬂ= dx dx

d_'t’ {xz _]}E
_(x-1)-2x—(x" 41)-2x

(x* -1y

_ 2x(x” —l—xz—l]l_ —4x
(x* —1)* (x* -1)°

9. (a) L. Recall the trigonometric rule sin 2x = Zsin x cos x.

Thus, E@=i( 2sin ¥ cos x )= 2£|{sm X Cos x)

dx  dx

=2{cos” x—sin “x)

IL g(x)=cotx = c:.}s X
sin x
d d d [cosx
= — =—i/cotx)=—
dx{'gtx}} .:i:rl:co x) dx[sinx J

(—sin x )(sin x)—(cos x){cos x)

{sin x)*
_—(sin® x +cos” x)
sin® x

=— CDSEI’_‘JX

10. (d) We have, y ni_ BT
l+tanx

d d
I+tanx)—(l—tanx)—(1—tan x)—(1+tan x
ay ¢ )= )~ = )

dx (1+tan x)*
_ —2Zsec® x -2
-{1+ I:an.vc}z-r:mi2 x(1 + tan” x + 2 tan x)
_ -2
" cos® x +sin® x + 2sin x cos x
-2
-1+si|121

Sk==2

1. M +3x+2 1P+3%1+2 6
(i) By lim T = T =—
=1 xt +1 1" +1 2

Ans. 3
3 2
o X —2x" -9 +4
(ii) ]i.m!—
=4 x"—2x —8
2
= lim (x —4)(x" +2x—-1) Ans 23
x—r 4 (x—4)(x+2)

Get More Learning Materials Here : &

c=x

(iii) lim = _‘G= lim W)t -V
=1 r —1 =1 EJ;—I}
A WP -1 e (x—1)(x+1+ %)
= li = |
I:P'I. :’J;_lj rl—l}-‘] {,J;_]}

= lim a";fzx+1)

=1

[asx—}l.saﬂ'r;—ﬂ.‘rl_i.e.v‘rx_'—rl] Ans. 3

[E l'arm]
[i]

1+ -1
(iv) lim %
=0 3x+5x

mt’|+x)-"_] lim I,r1+1']5—1

i
=1’—t0 s : ={"'-ﬂ_“] {1+x}—] Ansi
. 3x +5x° lim (3x +5x)
lim ————— Py
=0 x
-2 -2
(v) lim X x

T2 ,r‘x! _4+ﬁ=x]i—'»“: ..|||x—2|..,fx+2+1]
-.f_

x—2
= lim —— Ans. D
x=2(fx+2+1)
3 3 3
{vi) lim Ii il = lim = (3)
-3 % 4343 -3 4 (=3

. rj _{_3}3
r—=-3  (x=13)
& — (=3
x— =% {x—3}

[multiplying and dividing by (x —3)]

F=1 " n
=u=ﬂ =+ lim * a =na" "' |Ans. L
5(—3F"' 5%81| x—+a x—a 15
12. Given, lim - 108
=3 y -3
-1 [ . X" - =1
= n-3 " =108  lim =na J
x—a yx-—ga
= nd" " t=4x3""" Ans.n=4
3. Let fix)=sin"x i)

By definition of first principle of derivative, we get

rpon_ o flx+h) = f(x)

fix)= Jim =
. 4 e

= lim M lfn-_-,m Eq_ {]}]

] h

[ {sin(x + h) — sin x} {sin® (x + h}

+sin® x}+sin(x + h)sin x)|
h— h

+sin® x + sin{ x + h) sin x)
h— 0 h

2s:inE cos[x + EJ (sin® (x + k) |
2 2 |
1
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inh/2 h 1
= lim anh/ - lim cos [x +—]- =—-{2t052 2x + 2cos 2x cosdx)
h—s0 hf2 h-st 2 4
ﬁli_r,nn[smzl{r + h)+ sin® x + sin (x + h)sin x] - 41{1 + cosdx + cos 2x + cos 6x)
=1-cos x -(sin® x + sin® x + sin® x) o, 1 — cos x cos ?x cos 3x
Ans. 3sin® x cos x ] sin® 2x
a S 1
I4. Given, f(x)=x"-6x+8 1——(1+ cosdx + cos 2x + cosb6x) 7
On differentiating both sides w.r.t., x, we get = lim 4 — Ans, —
fl(x)=2x—6 A1) i sin” Zx
Now, f*(5)—3f"(2)=2x5-6-3(2x2—6) 8 x? x* 2 z
. (iil) lim —|1— cos — — c05 — + €05 — CO§ —
[from Eq. {i}] =0 ot 2 4 2 4
=10-6—12+18=10 il .
d i 8 12 _'t"t x!
and f(B)=2x8-6 [from Eq. (ii)] = lim — ||t —e0s —|-cos —|1-cos —
=10 ...{iid) X0 2 4 z
From Egs. (ii) and (iii), we get f'(5)—3 f"(2)= f'(8) 8 e e
2y x(25 —1) =].|ma—1—cos— 1—cos —
15. (i) im —— = = ljm —— % 0 x 2 4
x—=+0]l—¢cosx x—01—CosXx 8 ¥ e 1
x x = lim — 2sin® =— - 2sin® =— Ans. —
xa[z —1] 2[2 —1] x=8 gt 4 3 3z
. x . 3sin x — sin3x 0
= lim = lim - v) lim ———— = form
x50 1—cosx x—0 Zsin® x/2 (iv) =0 x (cos 2x — cosdx) 0
1 2" —1 in x — 3 si in?
=2 lim —_— = 2log2 Ans. logd = lim 3sinx —3sinx +4sin” x
== 0 [xinx,fz] x =0 | ) [dx+21] ) [41—21]]
—_— x| 2sin sin
x/2 l 2 2 J
- . g
(11) Use direct substitution method. Ans. 0 ( sin x )
. - . 2sin® x 2 2
16. ()Letx=0+h thenasx— o, h—0 i - kot -x Ans. 2
N mn X sinQo — o sinxy x—0 xsin3xsinx 3 x—o0 sin3x 3
ow, m — —
x—a Bl § 4 3x
inot — o si 2sin® x +3cos x —1
alig (ot + h) sinot — o sinf{ct + h) 17. Given,y= :
h—0 oa+h—o sinx
g |
= lim otsin of + hsinot — o sin{ot + h) =2s1n X 3 08% 1
TR0 h sin x sinx sinx
+h) . h = y = 2sin x + 3cot x — cosecx
- 2008 )sm (_'2') hsino On differentiating both sides w.r.t. x, we get
lim - d s
h—0 h h d—y= 2cos x + 3(— cosec” x) — (—cosec x cotx)
X
200+ h sin (T) sy Ans. 2cos x — 3cosec’ x + cosecx -cotx
o-2 + —— | —
o ( ) (—h] ( 2 ) 18. We have, y = asinx +bcos x
. . d ;
= lim 2 +sinq = L - acos x—bsinx
k=0 h dx
Ans. sin — 0 cost dyY 2
= (EyJ =(acos x — bsin x)*

(i) Let cos x cos 2x cos3x = l;(Zcos x cos3x cos 2x)
2
1 = y2+ d_y = (asin x + beos x)* +(acos x — bsin x)*
= ; [(cos 2x + cos4x) cos 2x] dx Z

=a’+b°
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